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Absolute stability problems and their relations to positive-real onditions have played a prominent role

in systems and ontrol theory and have led to a number of important stability riteria for unity feedbak

ontrols applied to linear dynamial systems subjet to stati input or output nonlinearities.
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Figure 1

In this paper we study an absolute stability problem for the feedbak system shown in Figure 1 and

desribed by the integral equation

u(t) = r(t) �

Z

t

0

(G(' Æ u))(�)d� :

The input-output operator G is linear, shift-invariant and bounded from L

2

(R

+

; U) into itself and ' :

U ! U is a loally Lipshitz nonlinearity, where U is a real separable Hilbert spae. It is well-known

that G an be represented by a transfer funtion G whih is analyti and bounded on the open right-half

of the omplex plane. For simpliity we assume in this abstrat that G admits an analyti extension to

an open neighbourhood of 0 (this assumption will be weakened in the full paper). The main result of

the paper shows in partiular that if G(0) is invertible and if there exist a linear bounded self-adjoint

operator P : U ! U , a linear, bounded, invertible operator Q : U ! U with QG(0) = [QG(0)℄

�

� 0 and

numbers q � 0 and " > 0 suh that

P +

1

2

�

qG(i!) +

1

i!

QG(i!) + qG

�

(i!)�

1

i!

G

�

(i!)Q

�

�

� "I; a.a. ! 2 R ;

then for any r 2 L

2

(R

+

; U)+U with _r 2 L

2

(R

+

; U) and for any loally Lipshitz gradient �eld ' : U ! U

with a non-negative potential and suh that

h'(v); Qvi � h'(v); P'(v)i; 8 v 2 U ;

the solution u of the feedbak system shown in Figure 1 exists on R

+

(no �nite esape-time), u; y 2

L

1

(R

+

; U), ' Æ u 2 L

2

(R

+

; U), lim

t!1

'(u(t)) = 0 and, under ertain extra assumptions, u(t) and y(t)

onverge as t ! 1. We emphasize that in ontrast to previous results in the literature, our results

onsider feedbak systems, where the linear part ontains an integrator (meaning in partiular that

the linear system is not input-putput stable) and where at the same time the lower gain of the the

nonlinearity ' is allowed to be equal to zero (whih for example is the ase for bounded nonlinearities

suh as saturation). One of the motivations for studying this situation is its importane in low-gain

integral ontrol in the presene of input nonlinearities, see Figure 2, where � 2 R is a onstant, k 2 R is a

gain parameter, g : R

+

! R is an output disturbane signal and G, G and ' are as before, but we assume

a single-inpupt single-output ontext (i.e., dimU = 1). The objetive is to �nd a onstant k

�

2 (0;1℄ in

terms of the \system data" G and ' suh that for all k 2 (0; k

�

) the traking error e(t) beomes small in

some sense as t!1. We show that if G(0) > 0, g 2 L

2

(R

+

;R) with t 7!

R

t

0

g(�)d� 2 L

2

(R

+

;R) + R, '

is non-dereasing and globally Lipshitz with Lipshitz onstant � > 0 and �=G(0) 2 im', then the limit

lim

t!1

u(t) =: u

1

exists and ' Æ u � '(u

1

); e 2 L

2

(R

+

;R), provided that k 2 (0; 1=j�f(G)j), where

f(G) := sup

q�0

�

ess inf

!2R

Re

�

(q+1=i!)G(i!)

�	

. Under mild extra assumptions, the traking error e(t)

onverges to 0 as t ! 1. Finally, we onsider appliations of the input-output results to the lass of

well-posed state-spae systems.
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Figure 2
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