OPTIMAL INPUT-OUTPUT STABILIZATION OF
INFINITE-DIMENSIONAL DISCRETE TIME-INVARIANT LINEAR
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Abstract. We study the optimal input-output stabilization of discrete time-invariant linear
systems in Hilbert spaces by output injection. We show that a necessary and sufficient condition
for this problem to be solvable is that the transfer function has a left factorization over H-infinity.
Another equivalent condition is that the filter Riccati equation (of an arbitrary realization) has a
solution (in general unbounded and even non densely defined). We further show that after renorming
the state space in terms of the smallest solution of the filter Riccati equation, the closed-loop system
is not only input-output stable, but also strongly internally *-stable.
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1. Introduction. This is the second in a series of articles dealing in a novel way
with the quadratic cost minimization problem for infinite-dimensional time-invariant
linear systems in discrete and continuous time. In the first article [6] we investigated
the full information infinite-horizon LQ (Linear Quadratic) problem, and here we will
study a deterministic version of the discrete time infinite-horizon Kalman filtering
problem.

In [6] we studied the linear dynamical system in discrete future time defined by
Tpi1 = Az, + Bu,, vy, =Cxy,+ Du,, necZt; Ty = 2, (1.1)

where A: £ - 2, B: % - Z,C: Z —%,and D: % — % are bounded linear
operators, 2, % and % are Hilbert spaces, and Z7 is the set of nonnegative integers.
Here we shall study the same system in discrete past time

Tpy1 = Az, + Buy, y, =Cxy+ Du,, neZ; Ty = 2,
AINeZ':2,=0=u, VYn<-N,

where Z~ is the set of negative integers.

A classical problem is to modify the properties of these systems by using either
state feedback or output injection. State feedback was studied in [6], and here we
focus on output injection. In the case of state feedback one chooses the control u,, to
be given by w, = Kz, + v,, where K: & — % is bounded linear (state feedback)
operator, which in the future time setting results in the closed loop state feedback
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system
Tpny1 = (A+ BK)x, + By, nezZr,
yn = (C + DK)x, + Doy, nezZt, (1.3)
U, = Kz, + vy, nezZr, '
o = Z.

Here the input u of the original system plays the role of one of the two outputs of the
closed loop system, and the new input sequence to the closed loop system is v. In the
case of output injection we relax the output equation in (1.2) by allowing a nonzero
error term w,, := Cz, + Du, — y,, and injecting a multiple Hw,, of this term back
into the state equation in (1.2), where H: # — %2 . Thus, we now treat y like an
input. This leads to the closed loop output injection system

Zpnt1 = (A— HC)xy, + (B — HD)uy, + Hyy, neZz,

wy, = Cx, + Duy,, — yp, ner
Y (1.4)
Tog = 2,

INeZ txp,=0=u, =9y, Yn<-—N.

One typical goal is to make this closed loop system stable, or at least input-output
stable in the sense that the mapping from the two input sequences u and y to the
output sequence w is bounded from (?(Z~;% x %) to (*(Z~;%). In the optimal
version of this problem one does not only require this input-output map to be bounded,
but to have the smallest possible norm.

A special solution to this optimal control problem can be found in the following
way if we assume 27, %, and % to be finite-dimensional. For each z € 2 in
the reachable subspace we look for the infimum of 271 (|lyall2 + |lunll2,) over
all input sequence u in (1.2) with finite support for which the final state satisfies
o = z. In some cases this infimum can be zero even if z # 0, namely when z is an
eigenvector corresponding to an eigenvalue of A which is unstable and controllable
but unobservable. To exclude this case we require the system to satisfy the state
coercive past cost condition: There exists a finite constant M such all solutions of
(1.2) satisfy ||z|% < M? ;iioo(HynH?g, + ||lunll3,). (We shall later replace this by
a weaker condition.) Even when this condition holds the infimum is typically not
achieved for a sequence u with finite support, but it is then possible to find unique
0?-sequences v and y and a corresponding sequence x tending to zero as n — —oo
satisfying the first line of (1.2) which minimizes 3,0 _ (|lynll% + [lunll%,) within
this class of solutions. The optimal solution is of output injection type, i.e., there
exists a bounded linear operator H: # — 2" such that the first equation in (1.4)
holds, and this output injection operator H minimizes the norm of the map from y
and u to w in (1.4). The optimal cost of a given final state z € 2" can be written
in the form (z, Pz) 4 for some bounded nonnegative self-adjoint operator P, and the
output injection operator H is explicitly given by H = —(A*PC* + BD*)S;1 where
Sp =14+ DD* + CPC*. The optimal cost operator P is the minimal nonnegative
self-adjoint solution of the so called filter Riccati equation. The output injection H
that we get in this way is optimal even in a stronger sense: if we replace w,, in (1.4)
by Ww,, for some bounded linear operator W: & — % then it is still true that the
same output injection operator minimizes the £? operator norm from the pair [¥] to w.
The optimal norm of this operator is equal to the norm of (W PW*)'/2, Additionally,
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the same output injection operator also minimizes the 2 to £>° operator norm from
the pair [¥] to w, as well as the £2 to % norm of the operator from [¥%] to w_;. In
stochastic control theory the system (1.4) with this particular choice of H is known
as the Kalman filter, and xo in (1.4) is interpreted as the minimal variance estimate
of the state at time zero based on past values of [}] of a stochastic version of (1.2).
We refer the reader to [3, Section 5.3] for a discussion of the stochastic interpretation
of (1.4).

In the above formulation of the input-output stabilization problem there is a
hidden assumption which is redundant in the finite-dimensional case, but not in the
infinite-dimensional case. Let us denote the different transfer functions u — y, y — w,
and u +— w of the systems (1.2) and (1.4) by, respectively,

Guy(2) =2C(I —zA)"'B+ D,
Gyuw(2) = 20(I —2(A— HC))™'H — I,
Guw(z) =20(I —2(A— HC))"Y(B— HD) + D.

Then all of these are defined in a neighbourhood of the origin and satisfy G, ,(z) =
Gy.w(2) " Gyw(2) in this neighbourhood. The input-output stability of (1.4) implies
that both G, ., and G, , can be extended to H>-functions (i.e., bounded analytic
functions) in the open unit disc D. Thus, a necessary condition for the input-output
stabilizability of (1.2) by output injection is that the transfer function G, , has a left
H® factorization in the unit disc. This factorization condition is always satisfied in
the finite-dimensional case. Moreover, in the finite-dimensional case every observable
realization satisfies the coercive state past cost condition, so that the above outlined
procedure can be applied after one factors out the unobservable subspace. In the
infinite-dimensional case the situation is considerably more complicated. Obtaining a
realization that satisfies the state coercive past cost condition is no longer a matter
of simply factoring out the unobservable subspace: one has to choose the realization
(and especially the norm in the state space) with care. In the continuous-time case
this question is strongly related to choosing the proper function spaces on which to
consider a given (formal) partial differential equation, a problem that is well-known
to be extremely delicate. The situation is very similar to the situation in [6], where
the analogous problem with the finite future cost condition was discussed.

The first main novelty in the present article is the introduction of a condition,
which we call the output coercive past cost condition, which is weaker than the state
coercive past cost condition: there exists a finite constant M such that all solutions
of (1.2) satisty [|C2]|2, < M2 71 (|lynll% +|lunll% ). Thus, compared to the state
coercive past cost condition we have replaced the arbitrarily chosen finitely reachable
vector z in (1.2) by Cz, and replaced the norm in 2" by the norm in #. Since
C: X — % is bounded, the output coercive past cost condition is clearly weaker
than the state coercive past cost condition. We show (in Theorem 6.10) that every
realization of a function that has a left H°® factorization satisfies this output coercive
past cost condition and that the transfer function of any system that satisfies the
output coercive past cost condition has a left H* factorization. Theorem 6.10 also
gives a third equivalent condition: the filter Riccati equation has a solution. This
solution may not be bounded, or even densely defined. By allowing the optimal cost
operator and the optimal output injection operator to be unbounded we are able
(in Theorem 7.1) to extend the procedure described above so that it can always be
applied to the given system, as soon as the necessary condition that G has a left H>
factorization holds. The resulting closed loop system will be input-output stable and
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have a minimal input-output norm, but is not necessarily internally stable (it may not
even be internally well-posed). By changing the norm in the state space (where the
new norm is defined in terms of the solution of the input-output stabilization problem)
and keeping the same formal operators we construct a new realization that does
satisfy the state coercive past cost condition and whose closed-loop system is strongly
internally x-stable. This change of norm for the open-loop system is considered in
Theorem 3.11 and Remark 3.12 and for the closed-loop system in Theorem 7.2.

Another major feature of this work is that we extend the theory about the duality
of the optimal control and optimal filtering from the standard setting where all possible
operators are bounded to a setting which allows for unbounded and not even densely
defined state feedback and output injection operators, as well as unbounded and not
necessarily densely defined solutions of the control and filter Riccati equations. We
prove that the original system satisfies the output coercive past cost condition if and
only if the dual system satisfies the future incremental cost condition introduced in [6].
Instead of giving direct proofs (which is possible) of our main results for the optimal
output injection problem we have chosen to base the proofs given in this article on the
extended duality between state feedback and output injection mentioned above. The
main advantage with this approach is that the proofs become simpler and shorter,
thanks to the fact that we can make full use of the results proved in [6]. When
we convert the results given in [6] for the control Riccati equation to the dual filter
Riccati equation we get more or less for free a new and natural setting for the study of
the filter Riccati equation, where the filter Riccati operator and the output injection
operator are allowed to be unbounded, and not even densely defined.

2. Discrete-time systems. In this section we collect definitions and known
results on discrete-time systems that are needed in this article.

We first associate some operators on sequences spaces to the dynamical systems
(1.1) and (1.2). In the following definition ¢2(Z~; .#) with 1 < p < oo is the subspace
of (P(Z~; A7) consisting of sequences with compact support and 5(Z*; ) is the space
of all sequences ZT — 7.

DEFINITION 2.1.

o The input map B: 2(Z~;%) — X is the map that sends {un}pez— to z:

Bu = iAkBu_k_l.

k=0
e The output map C : 2" — s(ZT; %) is the map that sends z to {yn}nez+:
(Cz)p =CA"z.
e The future input-output map D : s(ZT;%) — s(Z;%) is the map that
sends {un}nez+ 10 {yn}nez+:

n—1

(Du), =Y CA*Buy + Du,,.
k=0
e The past input-output map D_ : E(Z— ;%) — (2(Z ;%) is the map that
sends {un tnez— to {Yntnez-:
n—1
(D_w)p = Y CA"'"*Buy + Du,.

k=—0o0
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If we equip ¢P(Z~; % ) with its natural LF topology and s(Z*; ) with its natural
Fréchet topology, then the above maps are continuous.

DEFINITION 2.2. A state z is called finite-time reachable if there exist sequences
u, ¢, y such that (1.2) holds. The set of finite-time reachable states is denoted by =_.
If the closure of E_ equals 2, then the node [& B is called controllable. Note that
E_ = R(B).

DEFINITION 2.3. A state z is called unobservable if for initial condition z and
zero input u the output y of the system (1.1) is zero. The set of unobservable states
is denoted by A". The node [4 B is called observable if # = {0}. Note that
AN =N(C).

DEFINITION 2.4. The node [4 B] is called

o exponentially stable if r(A) < 1,
strongly stable if limy_oo A¥2 =0 for all z € X,
strongly *-stable if limy_oo A**2* =0 for all z* € 2",
input stable if B extends to a bounded operator (*(Z~;U) — X,
output stable if C is a bounded operator & — (*(Z*; %),
input-output stable if D restricts to a bounded operator
CZtu) — (L %),
o strongly internally stable if it is strongly stable, input stable, output stable and
input-output stable,
o strongly internally x-stable if it is strongly x-stable, input stable, output stable
and input-output stable,

Exponential stability implies strong internal stability and strong internal
x-stability, but the converse is not true. As announced in the introduction, by output
injection and changing the norm in the state space we will be able to make the closed-
loop system strongly internally x-stable, but it will in general not be exponentially
stable.

3. The final state optimal control problem. In this section we investigate
the open loop final state optimal control problem, the synthesis of the optimal control
as an output injection is considered in Section 7.

We first of all define some spaces and operators that allow us to re-phrase the
open loop final state optimal control problem in a form appropriate for the application
of a standard optimization technique( the orhogonal projection lemma).

For a finite-time reachable state z define

We(z) = Y le (2(Z7;% x %) : 3z such that (1.2) holds ¢,
u c

the set of compactly supported input-output trajectories with z as final state. Further
define

Y. = {[ z } € 2(Z;% x %) : 3, z such that (1.2) holds}7

the set of compactly supported input-output trajectories. Note that ¥, is the inverse
graph of the past input-output map.
Define the operator

jc:gcﬂﬁ%fv jc|:y:|z,
u
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where u, y and z are related by (1.2); i.e. J. maps a compactly supported input-
output trajectory to the corresponding final state.
Further define the operator

Fp : gc — 5(Z+; @), Fp = C\767

that maps a compactly supported input-output trajectory on Z~ to the corresponding
output on Z* when the input is chosen to be zero on Z*. Finally, define the set of
stable past input-output trajectories ¢ as the closure of 4, in (?(Z~;% x % ). Note
that ¢ is the closure of the inverse graph of the past input-output map considered as
an unbounded operator (2(Z~; %) — (*(Z~;%).

To obtain a satisfactory theory for the final state optimal control problem men-
tioned in the introduction, it is crucial to extend I'y to ¢. For that we make the
following assumption.

DEFINITION 3.1. A node satisfies the output coercive past cost condition if there
exists a M > 0 such that for oll z € E_ and all [¥] € #o(2)

Y
sl < p [ ¥ ]

22— xU)

A stronger condition (which ensures that 7. extends to ¢) is the following.
DEFINITION 3.2. A node satisfies the state coercive past cost condition if there
exists a M > 0 such that for all z € Z_ and all [}] € We(z)

Yy
ot <[ Y]

(LW xU)

Remark 3.3. The output coercive past cost condition is equivalent to CJ. : 9, —
% extending to a bounded operator 4 — % and is equivalent to Ty, : 4. — s(ZT; %)
extending to a bounded operator 9 — s(Z1; %), where this latter space is equipped with
its natural Fréchet space topology. The state coercive past cost condition is equivalent
to J. : 9. — X extending to a bounded operator 4 — Z .

Not only J. but also its closure will play an important role. This closure will
allow us to interpret the notion of final state for some non compactly supported
input-output trajectories. In general, J. may not be a closable operator. However
the closure of the graph of J. always defines a closed linear relation (or multi-valued
operator) which we will denote by J. The development of a satisfactory theory does
not hinge on J being single-valued. Multi-valuedness of J relates to ill-posedness of
the dynamical system defined on Z~ when the compact support assumption is not
made. We recall some basic definitions regarding multi-valued operators.

DEFINITION 3.4. A multi-valued operator (or relation) T : 56 — % is a sub-
space V1 of J4 x 7. The operator T is called closed when the subspace V1 is closed.
We have for the domain, kernel, range and multi-valued part of T':

D(T) = {hy € 54 : 3hy such that (h1,hs) € ¥7},
N(T)={h1 € 54 : (h1,0) € ¥7},
R(T) = {hy € 5 : 3hy such that (h1,h2) € Y7},
M(T) = {hy € 56 :(0,h) € ¥7}.
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LEMMA 3.5. If the node [& B] satisfies the output coercive past cost condition,
then M(J) = N(C).

Proof. We denote the closure of I'y, by T'). Since I', = CJ, we have z € M(J)
if and only if Cz € M(T,). Since under the output coercive past cost condition T}, is
single-valued, M(T',,) = {0} and it follows that z € M(J) if and only if Cz = 0, i.e.
M(J)=N(). O

LEMMA 3.6. If the node [é 51 is observable and satisfies the output coercive past
cost condition, then J. is a closable operator.

Proof. From Lemma 3.5 and observability it follows that M (J) = {0} so that J
is single-valued. Hence J. has a closed extension that is a single valued operator, so
it is a closable operator. 00

We define =, := R(J). This space has the interpretation of finite cost reachable
elements in the state space 2. For z € 5, we define

W(z)::{[Z]GD(J):j{Z}:z}y

the set of stable input-output trajectories with z as final state. The final state optimal
control problem consists of finding the element of minimal norm in #(z). To solve
that problem we utilize the following well-known orthogonal projection lemma.

LEMMA 3.7. Let 57 be a Hilbert space and & a nonempty closed subspace of
F€. Define, for hy € F, the affine set

H (ho) :={h € I :h=ho+Ek for somek € X }.
Then there exists a unique huyin € J (hg) such that

||hmin|| = min ||h||
he# (ho)

The vector hmin is characterized by the fact that # (ho) N (H © H) = {hmin}-

Proof. A proof can be found in many books, e.g. [4, Section 3.2]. O Applying this
orthogonal projection lemma to our problem gives the following.

LEMMA 3.8. For any z € =, the space # (z) has a unique element of minimal
norm which is characterized by the fact that it is in (>(Z=;% x %) © #(0).

Proof. Apply the orthogonal projection lemma (Lemma 3.7) with
H =027 % xU) and # = #(0). Then # (z) takes the role of % (hg). We have
that #/(0) = N (J) is a closed subspace since J is closed and #/(z) is nonempty since
zekH, 0

We define the set %, := D(J) © #°(0). This set has the interpretation of the
set of all optimal input-output trajectories with a final state in Z". We restrict J to
this set to obtain the (possibly multi-valued) operator

T gopt — 2.
This operator is clearly closed, injective and has range =,. We further define
T, Ep C X — Gop, Z,=J",

the closed operator that maps a final state to the corresponding optimal input-output
trajectory. We note that N(Z,) = M(J,) = M(J), so that Z, is not injective if
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J is multi-valued (i.e. in that case two different final states have the same optimal
input-output trajectories). Note that

T,TJ = Peg- o xa)ow () D), (3.1)

the orthogonal projection onto (2(Z~;% x %) © #(0), since both equal the map
that sends an input-output trajectory to the optimal input-output trajectory with
the same final state.

For the final state optimal control problem only the subspace Z,, of finite cost final
states is of importance, the rest of the state space should be ignored. The norm in
the state space is also not relevant in the final state optimal control problem. There
is a more natural semi-norm on =, associated with the final state optimal control
problem. On Z, we define the semi-norm

12llp = 1 Zpzlle2 2 ) -

Note that since 7, is a closed operator, the associated nonnegative symmetric
sesquilinear form (Z,21,Z,22) 22— x ) in 2" is closed.

The following lemma shows that the space Z, and the semi-norm on it interact
well with the node [4 B] if the output coercive past cost condition is satisfied.

LEMMA 3.9. If the node [é B satisfies the output coercive past cost condition,
then it maps 2, X % into 2, X ¥ and its restriction to 2, X % is bounded with respect
to the semi-norm || - ||p.

Proof. The operator B obviously maps into Z_, the space of finite-time reachable
states. Since =_ C E,, certainly B maps into Z,. Since the input u defined by
u_1 = v, ur = 0 for k < —1 reaches Bv we have:

1Bl = 17, B2 xary < I0li% + 1DV %

So B is bounded with respect to the semi-norm || - ||,. Note that the output coercive
past cost condition was not used for this.
For z € E, we have that for all [¥] € #/(z)

jCalle =1 (T | 4 ]) o<1 | % | Hiaiorear
0

where we have used that I'), : 4 — s(Z"; % x %) is a bounded operator. In particular,
the above holds for the element of minimal norm in #'(z): [}] = Z,z. This shows
that C is bounded with respect to the semi-norm || - ||,.

If z = J [¥], then Az is the image under J of the trajectory obtained by shifting
[¥] one place to the left and adding [ 7] at the last position. It follows that Az € E,
if z € £, and that

”IPAZH??(Z—;GJX%) < ||Ipz||%2(z—;ayxdz/) + ||CZ||2~ZI/>
or equivalently that

1425 < [l=ll; + 1C=15

Using that C' is bounded with respect to the semi-norm || - ||, it follows that A is
bounded with respect to this semi-norm. O

If Z,, is injective, then | - ||, is a norm and Lemma 3.9 shows that we can extend
the restriction of the node to =, x % to a node whose state space is the completion
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of =, under the norm || - ||,. In general, the situation is slightly more complicated but
essentially the same. On the set Pg g _#Z,, the seminorm || - ||, is in fact a norm since
A = N(Z,) by Lemma 3.5. Lemma 3.9 shows that, under the output coercive past
cost condition, the conditions of [6, Theorem B.14] are satisfied so that the completed
Zp-compression of the node [é B exists. This has state space 2}, the completion
under the || - ||, norm of Py g 4#E,. In case Z, is injective these two procedures
obviously coincide.

Note that 2, may not be contained in the state space % .

The completed Z,-compression has 7., J and Z, operators which we will denote
by ._76‘%"7 J%r and I];% P respectively.

LEMMA 3.10. If the node [é B satisfies the output coercive past cost condition,
then J. = Pyoy T **|q,.

Proof. This follows directly from [6, Theorem B.16]. O

THEOREM 3.11. The completed I,-compression satisfies the state coercive past
cost condition and is observable. The operator II‘,%’ is a unitary map onto its range.

The operator J%» is a partial isometry with kernel #(0).
Proof. Using (3.1) we have the following for [¥] € ¥,

Hjc%p |: Z :| I;l;%pjc%p |: Y :|

u

» ‘ 22— xU)

|
(2]

which shows that jc‘%” 19, — X is bounded. It follows that the state coercive past
cost condition is satisfied.

We just showed that jc‘%p has a single valued bounded extension to ¢ and since
the state coercive past cost condition is satisfied (which implies the output coercive
past cost condition), it follows from Lemma 3.5 that N(C*») = {0}, so that the
completed Z,-compression is indeed observable.

By definition of norms, IZ;% ? is an isometry; so it is a unitary map onto its range.
By definition of the norm and (3.1) we have for g € D(J*»)

P Z, v
BT XU)SN(ITTP) |y (L XU)

)

(L= XU)

HJ%”gIIp = \|I;‘fr”n7‘%9||e2(zf;@x%) = ”PZZ(Z*;@X%)@W(O)QHP(Z*;@X“Z/)a
which implies that J %7 is a partial isometry with kernel #/(0). O

Remark 3.12. DefineZ, _ = T,|=_. Similar as for the completed I,,-compression,
it can be shown that the completed I, _ compression is well-defined. It has as state
space £, —, the completion of Pae yE_ under the norm || - ||,, and is controllable,

observable and satisfies the state coercive past cost condition.

4. Recap of the initial state optimal control problem. In this section we
review the relevant results from [6], which by the duality theory of the next two
sections will lead to synthesis of the optimal control as an output injection in Section
7.

The system under study in this section is the initial state problem (1.1) with the
associated cost function > o |lun||? + [|yn||*. For z € 27, define

YV (z) = {[ Z ] € (ZT,% x %) : 3z such that (1.1) holds},
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the set of stable input-output trajectories with z as initial state. Further define =;
as the subspace of 2" cousisting of those z for which #/(2) is non-empty. This is the
subspace of finite future cost states (denotes by Z; in [6]).

The orthogonal projection lemma guarantees that for z € Z¢, ¥(z) has a unique
element of minimal norm. This provides us with a closed operator Iy : 2 C 2~ —
(7% x %) ¥ (0), the future minimizing cost operator, which maps a finite cost
initial state to the corresponding optimal input-output trajectory.

DEFINITION 4.1. The finite future incremental cost condition is the condition
B C =y (equivalently: = C Z¢). The finite future cost condition is the condition
Er=2.

If the finite future incremental cost condition holds, then the operator

Dy i=TB: (27 %) — C(ZT% x %)

that maps a compactly supported past input to the corresponding optimal future
input-output trajectory is well-defined and bounded. If the finite future cost condition
holds, then Ty : 2" — (2(ZT;% x %) is bounded.

On E¢ define the semi-norm

21l = 1Z¢2lle2 2+ x2)-

LEMMA 4.2. If the node [é B satisfies the finite future incremental cost condi-
tion, then it maps 2y X % into 2y X & and its restriction to Z; X % 1is bounded with
respect to the semi-norm || - || s.

Proof. This follows from [6, Lemma 4.8] with ¢ = ¢;. O

Similarly to %), the state space Z7 is defined as the completion under the || - ||
norm of Pg g 4Zf. The restriction of the node mentioned in Lemma 4.2 extends
continuously to a node with this state space. That node is called the completed Z-
compression (the completed gp-compression in [6]) and it satisfies the finite future
cost condition and is observable. Similarly, we may define Zy _ := Z¢|=_ and the
completed Z; _-compression (the completed gy -compression in [6]) which has as state
space Z%,_, the completion of Py ¢ 4 =_ under the norm ||-||, and satisfies the finite
future cost condition and is both controllable and observable.

Note that 2 and £ _ may not be contained in the state space 2.

Remark 4.3. Denote the Iy operator of the completed Iy-compression by If%f,

then I}%f is an isometry onto its range (which equals the closure of the range of the
Z; operator of the original node that the completed Iy-compression was constructed

from). The inverse ofI}%f (defined on the range ofIJ}%Vf) s a unitary map that sends
the optimal input-output trajectory to the initial state.
The following is the standard control algebraic Riccati equation re-written in a
way (using sesquilinear forms) that easily allows for unbounded solutions.
DEFINITION 4.4. The triple (g, s, K) is called a (nonnegative) solution of the
control Riccati equation of the node [4 B if
1. q is a closed nonnegative symmetric sesquilinear form in Z whose domain
satisfies AD(q) C D(q), B# C D(q).
2. s is a bounded nonnegative symmetric sesquilinear form on % .
3. K :D(q) — % is a linear operator.
4. For all z € D(q), u € % we have

q(Az+Bu, Az+Bu)+|Cz+Dul| % +||ull%, = q(z,2)+s(Kz—u, Kz—u). (4.1)
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The solution is called classical when D(q) = 2 .

To discuss transfer functions, we use the following notation: H° denotes the
Hardy space of uniformly bounded holomorphic functions and I denotes the unit
disc. The transfer function of the node [4 5] is defined in a neighbourhood of zero
by 2C(I — zA)™'B + D. A node is called a realization of a holomorphic function
defined in a neighbourhood of zero if that function is the transfer function of the
node. We note that any holomorphic function defined in a neighbourhood of zero has
a realization (in fact, it has infinitely many).

DEFINITION 4.5. Let G : D(G) € C — L(%,%) be holomorphic at the origin.
A function [\] € H®(D,L(%,% x %)) is called a right factorization of G if M(z)
is invertible for all z in a neighbourhood of the origin and G(z) = N(z)M(z)~! in a
neighbourhood of the origin.

THEOREM 4.6. Let G: D(G) C C — L(%,%) be holomorphic at the origin and
let [é B be a realization of G. The following are equivalent conditions.

. [é B satisfies the finite future incremental cost condition.
e The control Riccati equation of |4 B] has a (nonnegative self-adjoint) solu-
tion.
e G has a right factorization.
Under these equivalent conditions, the triple (qr, sy, Ky) defined by

qp (21, 22) == (ZLy21, Lyz2) 2zt x )
sy(u,v) == (u,v)9 + (Du, Dv)y + q5(Bu, Bv),
Kfz = P@/(Ifz)o,

is the smallest nonnegative self-adjoint solution of the control Riccati equation. Here
Py, is the canonical projection U X & — U .
Proof. This follows from [6, Theorem 6.3] combined with [6, Theorem 3.14]. O
We consider the closed-loop system

Zn+1 = (A+ BK)x, + BEw,, neZt,
yn = (C + DK)z,, + DEw,, nezZt, (4.2)
u, = Kz, + Fw,, nezZt,
To = 2,

where E: # — % is a bounded linear operator and K : D(K) C 2" — 7% is a linear
operator with a domain that is A-invariant and that contains the image of B. For
such a K, the map from {wy, },cz+ to {[y |}nez+ in (4.2) (with z = 0) is well-defined
on the sequences with compact support.

THEOREM 4.7. Assume that the finite future incremental cost condition holds.
Then K¢ minimizes both the LN (ZT, W), 02(ZT,% x %)) and the
LC(ZT W), (LT, U x %)) norm of the map from {wy ezt to {[ 4" | nez+ in (4.2)
(with z = 0), where K ranges over all linear maps D(K) C 2 — % with a domain
that is A-invariant and that contains the image of B. The operator Ky also minimizes
the LW 22T, % x %)) norm of the map wy — [y] over the same set of feedback
operators.

These minimum norms all equal the square root of sup, =1 s¢(Ev, Ev).

Proof. The statements on the L(¢X(Z*, W), 02(Z,% x %)) and
L2, W), (2, % x %)) norms follow directly from [6, Theorem 5.1]. The state-
ment about the L(#,(?(Z*,% x %)) norm follows from slightly adapting the proof
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of [6, Theorem 5.1] as follows. The lower bound proof remains unchanged and in the
upper bound proof v now has to be chosen as vg = Fwg and vy, =0 for £ > 0. 0
Remark 4.8. The operator underlying the closed-loop system (4.2) is generally
not a node with state space 2 (because K is generally not bounded on 2 ), but it
does become a node with state space Xy once we replace [é B with its completed
Zs-compression. This resulting closed-loop node equals what is called the completed
qy-compression of the graph closed-loop node in [6, Theorem 5.3]. Hence, by that

theorem, it is strongly internally stable.

5. Duality of discrete-time systems. In this section we re-consider duality
for discrete-time systems in order to investigate the duality between the initial state
and final state optimal control problems in the next section.

We consider the adjoint of the node [4 5] as an operator from 27 x %’ to
X" x " where ' denotes the dual space of the Hilbert space 7. A dual space is
not identified with the Hilbert space itself unless this is explicitly stated. We denote
the duality product between ¢ and its dual S’ by (-,-) . and consider this to
be linear in the # component and anti-linear in the #’ component.

The dynamical system that we associate to [é g]* is the following initial state
problem

zh =A%l +Chyl, u, =Bz} + Dy, nel xh = 2", (5.1)

with state space 2", input space %" and output space %’'. We throughout apply the
theory from Section 4 to this dual system. To indicate the distinction between spaces
associated to the primal system and the dual system we often use the subscript d, so
e.g Y4(z*) is the space introduced in the beginning of Section 4 consisting of stable
input-output trajectories but now for the dual system with initial state z*.

We define the weighted ¢P spaces

CLU)={u: L~ — U : (r "un)pez- € P(L7;U)},
CZY)={y  Z* = D : (r "yn)nez+ € P (%)}

Any continuous linear functional on ¢2(Z~; ) is of the form

oo

(N e P (5.2)

n=0

for some h* € (2(ZT; ") and any such h* through the expression (5.2) gives rise
to a continuous linear functional on ¢2(Z~; ). Similarly, any continuous anti-linear
functional on ¢2(Z*; ") is of the form (5.2) for some h~ € (2(Z~; ) and any such
h~ gives rise to a continuous anti-linear functional. So we may treat ¢2(Z~; %) and
(2(Z*; ) as each others duals. With some abuse of notation we denote the duality
product by

oo

<h_,h+>g2(3f) = Z<h:n_17h:’;>%’%u (5.3)

n=0

The dual of (1(Z*; ) can similarly be identified with £2°(Z~; ") through the
expression (5.2). The dual of the subspace (75(Z7;.5¢) of £;°(Z™; ) consisting of
those sequences h such that limg_, o 7*hj = 0 can be identified with ¢}(Z*; #")
through (5.2).
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If r > r(A), the spectral radius of A, then the input map extends to a bounded op-
erator (2(Z~;%) — 2 and the output map is a bounded operator 2~ — (2(Z*; %).
The input map B of the node [4 8] is adjoint to the output map Cy4 of the dual node

[& B]" in the sense that

(Bu, 2*) ar o = (u, Ca2™) g2 ().

The past input-output map of the node [é B extends to a bounded operator
C(Z73%) — (2(Z7;%) and the future input-output map of the dual node [4 B]"
restricts to a bounded operator ¢2(Z*; %) — (2(ZT;%'). With the above identifi-
cation of dual spaces, these operators are adjoints. Similarly, the restriction of the
future input-output map of the adjoint node to a bounded operator ¢1(Z*; %") —
(2(Z*; ") and the extension of the past input-output map to a bounded operator
C(L5U) — 555(Z ;%) are adjoint operators with the above identification of dual
spaces.

The following lemma characterizes duality in terms of trajectories without explicit
reference to the node. It can be derived from [1, Lemma 4.6], but for the convenience
of the reader we include a direct proof.

LEMMA 5.1. If[¥] € 9., 2= TJ.[¥] and [Z] is a trajectory of (5.1) with initial

condition z*, then
o= (x[1]]0]) »
02(W XU)

where the operator R is defined by

u

R:CL U xU) — C(LY xU), R{H:[_y}

and we have used the duality (5.3). Conversely, if [Z] es(ZT; W' xU") and z* € X’

satisfy (5.4) for all [¥] € 9. with z = J.[Y], then [Z*} is a trajectory of (5.1) with
initial condition z*.

Proof. The first part of the lemma simply follows by substitution. The converse
follows by iteratively applying the assumption as follows. Apply (5.4) with [¥] the
sequence that is zero everywhere except at position —1 where it equals [DV] with
v € % arbitrary. It follows that

—Dv 5
(v,uy — Dy v = <{ ] , { yg }> = (Bv,z*) = (v, B*z"),
v ug
which since v was arbitrary implies u§ = B*z* + D*y;. Taking the element of ¥,
whose second component is zero everywhere except at position —2 where it equals v
and whose first component is the corresponding output (i.e. Dv at position —2, C'Bv
at position —1 and zero elsewhere) gives uj = B*A*z* 4+ D*y; + B*C*y;. Continuing
in this fashion shows that [Z } is an input-output trajectory of the node [é B " with
initial condition z* as desired. 00
We will also use the adjoint of R:

R L@ < u) - fEne ), r = T
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Since we do not identify the dual of a Hilbert space with itself, a subspace ¥ of a
Hilbert space % has two orthogonal subspaces: the subspace #+ C %" of continuous
linear functionals on J# that are zero on the subspace ¥ and the subspace 5 © ¥
that is the orthogonal complement of ¥ in the sense that ¥ ¢ (6 ¥) = #. In
this article we use both of these notions of orthogonal subspace and use the notations
1 and © as above to distinguish these two notions.

Remark 5.2. We identify the dual G’ of a closed subspace G of H by the corre-
sponding subspace of H', so that (9,9 )a.cv = (9,9 Y. u for all g € G and ¢’ € G'.
Under this identification G' = H' © G+ and G+ = (H © G)'. In particular, we have
G =02(LH % x U)o G,

Remark 5.3. The above duality set-up is somewhat non-standard. We would in
principle lose nothing by using the standard duality set-up (i.e. identifying the dual of
a Hilbert space with the Hilbert space itself and sequences spaces on ZT with sequence
spaces on 71 ) which has dual systems running backwards in time. However, in [5]
we will consider an optimal control problem on Z. where the state has to pass through
a target state xo at n = 0 and this problem naturally breaks down into a final state
problem on Z~ and an initial state problem on Z%t. This is our main reason for
wanting to study final state systems defined on Z~ and therefore to identify the dual
of an initial state system defined on ZT to be a final state system defined on Z~. The
Kalman filter is also most naturally posed on Z~ , which is another reason for treating
the equivalent optimal output injection problem on Z~ as well. Not identifying the
state space X with its dual is appropriate since we want to identify the ‘natural state
space’ Zp on which to consider the final state problem as the dual of the ‘natural
state space” Zt.q on which to consider the initial state problem for the dual system
(Lemma 6.6). The only reason for not identifying % and % with their respective
duals is consistency.

6. Duality between the optimal control problems. We next lemma relates
the spaces & and ¥;4(0) of stable past and future input-output trajectories.

LEMMA 6.1. We have RY = 74(0)*.

Proof. It immediately follows from (5.4) with z* = 0 that RY, L ¥4(0). By
continuity of R we conclude that RZ L 74(0), so that RZ C 74(0)+.

We now prove that (R%,)~ C #4(0), which through #4(0)* C (R¥,.)*+ =RY,. =
RY, = RY gives the desired other inclusion. So assume that z: is orthogonal to
RY.. Then [z*} satisfies (5.4) for all [¥] € ¥4, with z* = 0 and it follows from Lemma
5.1 that {Z} is a trajectory of the dual system with initial condition zero. Since by
assumption [Z} € (2(ZF; %" x U') we have that it is an element of #4(0) as desired.
|

LEMMA 6.2. We have R* ((2(ZT; %" x U') © ¥4(0)) = 9.

Proof. Denote the identification map implicit in (5.3) by J : £2(Z7;% x %) —
(L9 x ') (ie. if we would identify % and % with their respective duals then
it is simpy the reflection). Then it is easily seen that J*R*JR = I. From Lemma 6.1
it follows that RY = 74(0)* so that IRY = (2(ZT; %' x %") © ¥4(0). We conclude
that 3*R* ((X(Z+; 2" x %') © ¥4(0)) = & from which the result follows using that
J* is an isomorphism from ¢’ onto ¢4. 0
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LEMMA 6.3. The input-output trajectory to final state map J. for the node [ B

and the future minimizing operator Ly q of its dual node [é g]* are related by

._7: = R*If,d (6.1)

as unbounded operators X' — &'.
Proof. The basic duality relationship (5.4) with z* € =74 and [Z*} = Ty qz*
gives for [¥] € 9..:

S I O Y 2 S
u x,x u (T XU)

By Lemma 6.2 we have R*Zy 42" € ¢’ so the above can be re-written as

alu]=), = ),
< u 2, u I 9.4

which shows that J. and R*Zy 4 are adjoint to each other. So we only still need to
show D(Zy,4) D D(JZ). By definition

3
D(j;):{z*e%’:a{z$ ] eg'suchthatv{ﬂe%

(a[2]), R, )

Using Lemma 6.2 it follows that

*\ * /. y# 2 +. / / Yy
DT )=1z"eZ2":3 ot e (ZT; %" x %" © ¥4(0) such that V " €9,

(2], == [ D )

Using Lemma 5.1 it follows from the equality in the domain definition that [Zi} is
a trajectory of the dual node for initial condition z*. So z* € D(J.) has finite cost
and so z* € D(If,d). Hence jc* = R*Iﬁd. 0

THEOREM 6.4. The node [é B satisfies the output coercive past cost condition if
and only if its dual node [ 4 g]* satisfies the finite future incremental cost condition.

Proof. The output coercive past cost condition implies that CJ. : ¥, — &
extends to a bounded operator 4 — %. By [7, Theorem 13.2] its adjoint equals
JxC*. Tt follows that JC* is a bounded operator ' — ¢’. In particular the range
of C* is contained in the domain of 7}, which by Lemma 6.3 equals Z¢ 4. This is
exactly the finite future incremental cost condition for the dual node.

Conversely, assume that the range of C* is contained in =f 4. The operator J;C*
is closed as it is the adjoint of the densely defined operator C'J. (we again use that
(CT.)* = JrC* by [7, Theorem 13.2]). By the range assumption J7."C* is defined on
all of %', so that by the closed graph theorem it is a bounded operator %' — 4’.
Since (CJ.)* is a bounded (and everywhere defined) operator, the operator C7, is
closable, and its closure is the bounded operator ((C7;)*)*. Thus, CJ, extends to a
bounded operator 4 — #%. So the output coercive past cost condition holds. O
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In the next proposition, we again use the weighted 2 space duality from (5.2).
LEMMA 6.5. The map Ty : 9. — s(Z"; %) for the node [ B] and the map
Dya:C(Z7;9") — 74(0) for the dual node [& B]" are related by

I =RTya.

Proof. Using Lemma 6.3 we have
I, =(CJe)" =J;C" =R I;aBa=RTa.

0

As the next lemma shows, the dual space of the state space of the completed Z,-
compression can be identified with the state space of the completed Z;-compression
of the dual node of the completed Z,-compression.

LEMMA 6.6. Any bounded linear functional on Z, can be identified with an
element 2* of (Zp) 4 through

(:%”p)f,dz*

(2,2") 2,27 = <prz,R*If7d (6.2)

>42(ﬂyxﬂzz) '
This duality is with respect to the pivot space Z in the sense that
(2,2%) 2,2 = (2, 2" ) a0

ifz€ NI and z* € (ﬁ?fp)f 4N 2. Moreover, this duality is norm-preserving in
the sense that ||2*||(2,), ., equals the 2] norm of the corresponding functional.
Proof. It is easily seen that for a given 2* € (%), the expression (6.2) defines
a bounded linear functional on 2, so it remains the prove the converse. By the
duality between ¢*(Z7;% x %) and (*(Z*;%" x ') and the identification of 2,

with R(I}fg ") it follows that any linear functional on 2, must be of the form

<Iz3%pz’”>z2(@/x%)
for some v € (2(Z+; %" x U'). We have R(Z;/") = D(J*%) = D(J%») & N(J%7) so
we may assume that v € N(JZ#7)L. Sov € R(J#**) since JZ» as a partial isometry
has closed range. Applying Lemma 6.3 to the completed Z,-compression (and using
that J = J*) then gives the result.

That the duality is with respect to 2" follows from (5.4) with [¥] = Iig Pz and

. 2,
[g } = Z}’dp)f”iz*. The norm preservation follows from the fact that I](c’dp)f’d, R and

Ip% P are isometries. O

LEMMA 6.7. The operator JT%r is a co-isometry.

Proof. According to Lemma 6.3 this is equivalent to showing that Z; 4 : 2”1,’ —
C(ZF;%" x ') is an isometry. By the identification of the dual space in Lemma
6.6 this in turn is equivalent to Zyq : (2,)5.a — (2(ZT; %' x %') being an isometry,
which is true by definition of the norm in (£,) 4. O

The filter Riccati equation of the node [ 4 B] is simply the control Riccati equation
of the dual node [& B]".

DEFINITION 6.8. The triple (p,r,T) is called a (nonnegative) solution of the filter
Riccati equation of the node [4 B if
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1. p is a closed nonnegative symmetric sesquilinear form in 2 whose domain
satisfies A*D(p) C D(p), C*% C D(p).

2. r is a bounded nonnegative symmetric sesquilinear form on % .

3. T:D(p) — ¥ is a linear operator.

4. For all z € D(p), y € % we have

p(A*2+Cy, A2+ Cy) + | B* 2+ Dyl % +lyl% = p(z, 2) +r(T2—y, Tz—y).
(6.3)
The solution is called classical when D(p) = Z.

DEFINITION 6.9. Let G : D(G) € C — L(%,%) be holomorphic at the origin.
A function [M,N] € H*®(D, L(% x U, %)) is called a left factorization of G if M(z)
is invertible for all z in a neighbourhood of the origin and G(z) = M(z)"tN(z) in a
neighbourhood of the origin.

THEOREM 6.10. Let G: D(G) C C — L(%,¥) be holomorphic at the origin and
let [é B be realization of G. The following are equivalent conditions.

° [é g] satisfies the output coercive past cost condition.
e The filter Riccati equation of [& B] has a (nonnegative self-adjoint) solution.
e G has a left factorization.
Under these equivalent conditions, the filter Riccati equation of [é g} has a smallest
(nonnegative self-adjoint) solution (pp, Ty, rp) with domain Zf q.

Proof. According to Theorem 6.4 the output coercive past cost condition implies
that the dual node [4 B] satisfies the finite future incremental cost condition. Theo-
rem 4.6 then shows that the dual node has a solution to its control Riccati equation.
This implies that the original node has a solution to its filter Riccati equation.

If the node has a solution to its filter Riccati equation, then the dual node has a
solution to its control Riccati equation. It follows from Theorem 4.6 that the transfer
function of the dual node has a right factorization: G4(z) = N(2)M(z)~!. Realizing
that the transfer function of the original node G and that of the dual node G, are
related by Gg(z) = G(2)* we obtain G(z) = M(z)"!N(z) with M(z) := M(2)* and
N(z) := N(2)*. So the transfer function of the original node has a left factorization.

Assuming that the transfer function of the original node has a left factorization,
it is easily seen as above that the transfer function of the dual node has a right
factorization. It follows from Theorem 4.6 that the dual node satisfies the finite
future incremental cost condition. Theorem 6.4 then shows that the original node
satisfies the output coercive past cost condition.

Existence of the smallest solution follows from the existence of the smallest solu-
tion (g, K¢, s¢) of the control Riccati equation of the dual node. O

7. The optimal output injection problem. We consider the closed-loop sys-
tem

Tpy1 = (A— HC)x, + (B — HD)uy, + Hyy, nez,
wy, = WCx, + WDu, — Wy,, nez,
To = z,

INeZ :z,=0=u, Yn<-N.

(7.1)

where W: & — S is a given bounded linear operator and H : # — 2, is a bounded
linear operator. Here 7 is a Hilbert space and 2. is a Hilbert space that contains
Py o.xEp as a dense subspace and is such that the restriction of the node [4 B] to
PaeyZp X % extends continuously to a bounded linear operator from Z. x % to
L. X Y.
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THEOREM 7.1. Assume that |2 B] satisfies the output coercive past cost condi-
tion. Define H, : % — Z, by

Hyy = J*7 Pyg, (7.2)
where g_1 = [§] and g, = 0 for n < —1 and Pg is the orthogonal projection

L% xXU)— 9.

Then H,, minimizes both the L((*(Z~, % xU ), {>°(Z~, H)) and the L(*(Z~, % x
U), 32, 7)) norm of the map from {[ 4" |}nez- to {wn}nez- in (7.1), where H
ranges over all linear maps % — %, with %, a Hilbert space that contains Po o 4 Z,
as a dense subspace and is such the restriction of the node [A B] to PyoyZ, X
U extends continuously to a node with Z. as state space. The operator H,, also
minimizes the L2 (Z~,% x U ), ) norm of the map {[ 4" |} nez- — w_1.

Denote the smallest nonnegative self-adjoint solution of the filter Riccati equation
of [é B1 by (pp,Tp,7p). Then the minimum norms mentioned above all equal the
square Toot of supyj, =1 rp(W*h, W*h).

Proof. The assumption that Pgo 4E, C Z. implies that Py 4E_ C Z. and
so ensures that the extended node has the same transfer function as the original node.
In particular, it too satisfies the output coercive past cost condition (this follows from
Theorem 6.10). So the dual of the extended node satisfies the finite future incremental
cost condition.

We have that K := —H* is a bounded operator from 2 to %’ and E := W* is
a bounded operator from " to #’. Obviously, the domain of K (which equals the
whole state space Z) is A* invariant and contains the range of C*. The adjoint of
the closed-loop system (7.1) considered as a dynamical system on ZT then is

zl, = (A" + C*K)2l + C*Ew}, nezt,
ul = (B* + D*K)z¢ + D*Ew}, nezt, (7.3)
—yi = Kz 4+ Ew}, nezt, '
xd = 2%,

i.e. it is the closed-loop system (4.2) of the adjoint node of the extended node with u
replaced by —u.

From the above it follows that the search over H in the optimal output injection
problem translates to the search over K in the optimal feedback problem.

By the discussion in Section 5, the input-output maps of (7.1) and (7.3) are
adjoints when both are considered 2 — ¢2 and also when considered ¢! — £2 and
02 — (> respectively. Also the maps {[}" ]|} ez- — w_1 and w — {[Z% }} 4 AF€
adjoints. "

From the fact that the operator norm of an operator equals that of its adjoint
and Theorem 4.7, it follows that the square root of SUp =1 rp(W*h, W*h) is a lower-
bound for all three operator norms considered and that this lower-bound is reached for
H = fK;) 4- The formula for H), follows once we show that H, = fKJ’E,d as operators
% — Z,, which we now obtain.

We have, for y € % and 2" € (2;); , = 23,
(Hpy, z*) 2, 20, = (T " Pug,2*) 2, 27,
which by Lemma 6.6 equals

(Z)
:Z.f{p %pp R*Z PJf.d *> .
< Y J 49, fd < @ xu)
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By (3.1) the above equals

s (Zp) s a «
<P£2(Z*;€7/><%)6N(J%P)ng’R Ird "2 >e2(«yx%)'

By Lemma 6.3 we can omit the projection onto the orthogonal complement of the

kernel in this last formula. By Lemma 6.2 and Remark 5.2 we have R*I}fp)f'dz* €

(2% x U') © 9+ so that the projection onto ¥ may also be omitted. Hence

* (Zp) * *
(Hpy, 2") 2,20 = (R9, Ly g 2 ) e scry = — (Y, K02 )20,

where the last equality holds by definition of K¢ g4 and R. This proves H), given by
(7.2) is indeed the optimal output injection. O

The formula (7.2) shows that the optimal output injection Hpy for the node
[& B] is the final state of the dynamical system associated to that node for some
input defined on Z~ in terms of y.

THEOREM 7.2. Assume that |4 B] satisfies the output coercive past cost condi-
tion. Then the closed-loop system of the completed Z,-compression with the optimal
output injection is strongly internally x-stable.

Proof. The proof of Theorem 7.1 shows that the dual of the closed-loop system
of the completed Z,-compression with the optimal output injection is the closed-
loop system of a completed Z;-compression with the optimal state feedback. From
Remark 4.8 it follows that this latter system is strongly internally stable. The result
immediately follows. O

Remark 7.3. Many of the operators defined here are closely related to analogous
operators introduced in [2]. More precisely, the completed I,-compression is a passive
observable and backward conservative i/s/o system if we equip its output space ¥
with the (equivalent) inner product induced by the quadratic form r in Definition 6.8
and use U X ¥ as the input space. With regard to this system, the co-isometry
T % coincides with the input map By, N [2, Section 10], the isometry Ly q is the
oulput map of the adjoint system, and the two Hankel operators I'y, and I'y 4 can be
interpreted as compressions of the past/future map Uy, in [2] and its adjoint.
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