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Abstract— We introduce the notion of a well-posed linear of classical trajectorie§;” | in the sense that,, — « in
state/signal system in continuous time, thereby complemen ([0, T]; X) andw,, — w € LP([0, T]; W) asn — cc. By
ing the corresponding discrete time theory developed by a generalized trajectory of on the time interval0, o)

Damir Arov and the second author. A linear state/signal i of functi h triction t
system has a state spac& and a signal space/V, where the we mean a pair of functionfs; | whose restriction to any

state space acts like an internal memory, and the signal spac finite interval [0, 77 is a generalized trajectory 00, 7.
allows interactions with the surrounding world. A state/signal  We denote the set of classical trajectories>»bn [0, T
system resembles an input/state/output system apart from and [0, c0) by [0, 7] and 2, respectively, and the set
the fact that inputs and outputs are not separated from of generalized trajectories d& on [0, ] and [0, c0) by

each other. This system is well-posed if it is possible to . . =
decompose the signal spackV into a direct sum of an input 25[0, T] and 20, respectively. Finallyo[0, T = {[5] €

spacel{ and an output space) so that this decomposition [0, 7] ‘ [Z((%))} = 0} and25,[0, 7] = {[;ﬁ] € 20,7 |
results in a well-posed input/state/output system. Such a

decomposition of W is called an admissible input/output 2(0) = 0} ) )

pair. We give different characterizations of well-posedness  In Definition 1 below we introduce the notion ofveell-

and input/output admissibility, in terms of either classicor  poseds/s node. We begin by decomposing the signal space
generalized trajectories of the system. Finally we mention )4 of ¥ into a direct sumWW = U/ + ). Let 738{7 be the pro-
some work in progress. iantian .
jection inWW onto/ along). For eachw € L?([0,T]; W)

A classical trajectoryon a time interval[0,7] of a Wwe defineP)w point-wise, i.e.,(Pyw)(t) = Py w(t)
linear continuous time-invariant s/s (= state/signal) mod almost everywhere.
¥ = (V; &, W) with a Banactstate spacet’ and a Banach ~ Definition 1: The s/s nodeX = (V;&, W) is well-
signal space)V consists of a continuously differentiable posedif there exists al’ > 0 and a direct sum decom-
state component(t) € X and a continuous signal com- position W = U/ 4 Y of W such that the following three
ponentw(t) € W. The evolution of these trajectories isconditions hold:

determined by a condition of the type (iv) The set{z(0)|[2] e B[0,T]} is dense in¥;
(%) (v) The set{PYw | [&] € Do[0,T]} is dense in
do eV, tel0 T, 2(0) =20, (1) LP([0,T);U);
w_( ) ) o ) _ (vi) there exists a finite constadf such that all[ ;] €
wherex is a given initial state at time zero and is the ([0, T)) satisfy
so calledgenerating subspaasf 3. We throughout require
V to satisfy (at least) the following three conditions: (@)l x + llwll Lo jo,gm) @
(i) V is a closed subspace é&f x X x W; < K(||z(0)]|x + ||P£,’w||Lp([07t];u))

(if) If [g} €V thenz =0; for all ¢ € [0, 7.

(i) Thereis aT' > 0 such that for eacriiglo } € V there A decompositionV = U{/+ of W satisfying conditions

0

exists at Ieastoone classical trajectdty] of ¥ on  (v) and (vi) above for som& > 0 is called anadmissible
[0, 7] with [iﬁoi] _ {;g} i/o (input/output) pair fore.

w(0) wo In general a well-posed s/s node has more than one
Classical trajectories on the time intery@loo) are defined admissible i/o pair. The following result can be used to test
in the same way. when a given decompositioy = U/ + ) is admissible for
For the rest of this note we fix somee [1,00). By X,
a generalized trajectoryof ¥ on the time interval0, 7T Theorem 2:Let ¥ = (V; X, W) be a well-posed s/s

we mean a pair of functions € C([0,7]; X) andw €  node, and leWV = + Y be a direct sum decomposition
Lr([0,T]; W) which can be approximated by a sequencef ). Then the following conditions are equivalent:
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(ii) Conditions (v) and (vi) in Definition 1 hold for all
T > 0;
(i) The map[%] — PYw is a bijection from20,[0, T
to LP([0, T];U) for someT > 0;
(iv) The map[%] — PYw is a bijection from20,[0, 7]
to LP([0, T];U) for all T > 0.
It can be shown that i = (V;X,W) is well-
posed, theril,[0,T] is dense in20y[0,7] for all T > 0.
A slightly weaker version of this condition is used in

(V; X, W) be a well-posed s/s node, and (&f,)) be an
admissible i/o pair fory:. Then the admissibility of the
decompositionV = U/ + Y implies that for eachy € X
and eachu € L ([0, 00);U) there is a unique generalized
trajectory[ ] of ¥ on [0,00) such thatz(0) = z, and
PYw = u. Moreover, the trajectoryZ] depends contin-
uously onzy andu, and the map(zo,u) — (z, PYw)
defines a well-posed i/s/o systehy,,/, in the sense of
[Sta05], withi/ as input space and as output space. We

our following result, which characterizes well-posednessall this;  /, thei/s/o representation of corresponding
and admissibility in terms of generalized trajectories (a the i/o pair(/,)). The converse is also true: To each

opposed to the sé&F[0, T'] of classical trajectories used in
Definition 1).

Theorem 3:Let ¥ = (V; X, W) be a s/s node, i.e.,
suppose thal/ satisfies conditions (i)—(iii) listed below
(1). In addition suppose th&i, [0, T is dense i0,[0, T']
for someT > 0. Let W = U + ) be a direct sum
decomposition of}. Then the following conditions are
equivalent:

(i) X is well-posed andi/,Y) is an admissible i/o pair

for X;

(i) there exists som& > 0 such that the map;;] —
(2(0), PYw) is a bijection from20[0,7] to X x
LP(10, T];U).

(iii) there exists som&’ > 0 such that

(a) for eachry € X there exists at least orjé | €
20[0, T such thatx(0) = xo;

(b) the map[Z] — PYw is a bijection from
20,[0,T] to LP([0,T];U).

Clearly the generating subspatedetermines both the
set of classical trajectorie®|[0, 7] and the set of general-
ized trajectorieQp[0, T'] of ¥ on [0, T] uniquely. A partial
converse is true®[0, T de}e)rminesv uniquely since it

(0
z(0)
0

can be shown that” = { =0 ‘ (o] € m[O,T]}.

Apparently it need not bé true thdt is uniquely
determined by the set of generalized trajectoiBg), T']
or 27 on [0, 7] or [0,00). However, in many cases these

families of generalized trajectories are more important
than the corresponding families of classical trajectorie$ASo05]
We therefore introduce the notion of a well-posed state

signal system¥ = (20; X, W), by which we mean the
family of generalized trajectorie§J on [0,00) of some
well-posed s/s nodwith state spaceY and signal space
W. Thus, a well-posed linear systel = (20; X, W)
may be generated by more than one well-posed s/s no

(V; X, W). We prove that among these nodes there always

exists a uniquenaximalone (V’; X', W). Here maximality
means that if both(V; X, W) and (V’; X, W) generate
the same systen®2U; X', W), then necessarilyy C V’.
We show that(V; X', W) is maximal if and only if it is
true that every generalized trajectofy,| which has the
smoothness of a classical trajectory is actually classical

We next describe the relationship between well-posediaog)
s/s systems and the class of well-posed i/s/o (in-

put/state/output) systems found in, e.g., [Sta05]. Let

well-posed i/s/o syster;/,,, with a Banach input space
U and a Banach output spagkthere corresponds a unique
well-posed s/s nod& = (V;X,U x V) such thatV is
maximal and such that;,,,, is the i/s/o representation
of ¥ corresponding to the i/o paif{,)). The maximal
generating subspadé can be interpreted as the graph of
the system node which generatgs,,,,. (We refer the
reader to [Sta05] for the definition of a system node.)
Above we have introduced the notion of an i/s/o rep-
resentation of a well-posed s/s system. Two additional
types of useful representations exist, namelgving-
variable representationsand output-nulling representa-
tions A driving-variable representation is a well-posed
i/s/o system in which an additional driving input varialde i
used to generate all the generalized trajectories ¢ife.,
we get a trajectory of by simply dropping the driving
variable). An output-nulling representation is anothellwe
posed i/s/o system which produces generalized trajestorie
of ¥ whenever an additional output error variable vanishes.
These representations can be used in the same way as the
corresponding discrete time driving-variable and output-
nulling representations were used in [ASO5]-[AS07c].
Work in progress includes the study of interconnections
of well-posed s/s systems and the theory of continuous time
passive well-posed s/s systems in the spirit of [ASO7a]—
[ASO07c].
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