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Abstract. One of the basic axioms of a well-posed linear system says that
the Hankel operator of the input/output map of the system factors into the
product of the input map and the output map. Here we prove the converse:
every factorization of the Hankel operator of a bounded causal time-invariant
map from L? to L? which satisfies a certain admissibility condition induces
a stable well-posed linear system. In particular, there is a one-to-one cor-
respondence between the set of all minimal stable well-posed realizations of
a given stable causal time-invariant input/output map (or equivalently, of a
given H> transfer function) and all minimal stable admissible factorizations
of the Hankel operator of this input/output map.

AMS Subject Classification 47A68, 47B35, 93A05.

Keywords Hankel operators, well-posed linear systems, continuous time,
discrete time.

1 The Main Result

Let U and Y be two Hilbert spaces, and let TIC(U;Y’) denote the space
of all bounded linear time-invariant and causal operators from L*(R;U) to

1



L*(R;Y), where R = (—00,00). The purpose of this article is to show that
there is a one-to-one correspondence between the set of all minimal stable
realizations of a given input/output map © € TIC(U;Y) and the set of all
minimal bounded factorizations of the Hankel operator of ® which satisfy
a certain admissibility condition. We begin by defining what we mean by a
stable well-posed linear system in continuous time.

Let R™ = (—00,0], Rt = [0,00), and for any function u defined on R,
let

(T"u)(s) = u(t+s), t,s€R,

_ Ju(s), s€R7,
(r-w)(s) = {0, s € RY,

_Ju(s), seRT,
(7T+U)(S)—{0, h

In particular, we can apply these operators to functions v € L*(R;U) (the
space of U-valued L?-functions on R), where U is a Hilbert space. Then
t +— 7' is the (bilateral) left-shift group on L*(R;U), t — 7t = 77! is
the (unilateral) left-shift semigroup on L?*(R*;U), and 78 = 7'm_ is the
(unilateral) left-shift semigroup on L?*(R~;U).

Definition 1.1. Let U, H and Y be Hilbert spaces. A stable well-posed
linear system ¥ on (Y,H,U) is a quadruple ¥ = [% 3] of bounded linear
operators satisfying the following conditions:

(i) t — A is a bounded strongly continuous semigroup on H;
(ii) B: L*(R~;U) — H satisfies B! = A'B for all t € RT;
(iii) €: H — L*(RY;Y) satisfies €A = 7L.€ for all t € RY;

(iv) ®: L>(R;U) — L*(R;Y) satisfies 7' = D7t for allt e R, 7 D7, =
0, and 7, Dn_ = CB.

The different components of U are called as follows: U 1is the input space, H
15 the state space, Y is the output space, A is the semigroup, B is the input
map, € is the output map, and D is the input-output map.



Thus, (ii) says that the input map B intertwines the left shift on R~
with the basic state space semigroup 2, and (iii) says that the output map &
intertwines 2 with the left shift on R*. The condition 7D = D7’ says that
D is time-invariant, the condition 7_Dm,; = 0 says that D is causal (thus,
D eTIC(U;Y)), and the final condition 7, D7_ = €B in (iv) says that the
Hankel operator of the input/output map ® factors into the product of the
input map B and the output map €. For more details of this particular for-
mulation of a well-posed linear system we refer the reader to Staffans [1995
1996 1997 1998 1999abcd]. Alternative (but more or less equivalent) formu-
lations are given in Arov and Nudelman [1996], Curtain and Weiss [1989],
Helton [1976], Jacob and Zwart [1998], Ober and Montgomery-Smith [1990],
Ober and Wu [1996], Salamon [1987 1989], Weiss [1989abc 1991 1994ab], and
Weiss and Weiss [1997].

Here we are primarily interested in the converse of part (iv) of Defini-
tion 1.1. Suppose that ® € TIC(U;Y), ie., ®: L*(R;U) — L*[R;Y)
satisfies both the time invariance requirement 7' = D7’ and the causal-
ity requirement 7 ©mr, = 0 in (iv). Suppose also that in one way or
another we have succeeded to factor 7, ®n_ into 7,07 = B, where
B: [*(R;U) - H and ¢: H — L*(R";Y) are bounded linear opera-
tors and H is an arbitrary Hilbert space. Is it then always possible to find
a semigroup A on H such that the quadruple [% 3] is a stable well-posed
linear system?

Our answer to the preceding question, given in Theorem 1.3 below, is a
qualified “yes”. One necessary restriction is that the factors in the factor-
ization 7, O71_ = B satsfy some “hidden” regularity assumptions imposed
on them by the fact that they also have to satisfy (ii) and (iii). To derive
these hidden regularity assumptions we argue as follows: If (ii) holds then
Bl = A'B, hence

1B u|lgr < K||Bul|z, Vt € R, Yu € L*(R;U), (1)
where K = sup,.o||2*||. In particular, for all u € L*(R™;U),
Bu=0=Br'u=0,VtecR". (2)

The same computation applied to the adjoint of the output intertwining con-
dition €A* = 71 € gives an analogous condition for the output map, namely

() yllm < K[|€y[ln, V¢ € RT, Vy € LX(RT;Y). (3)



Another important property of the factorization 7, D7 = €5 is related
to the controllability and observability of the resulting system.

Definition 1.2.

(i) A stable well-posed linear system [ 3] on (Y, H,U) is controllable if B
has dense range, and exactly controllable in infinite time if the range of
B is the whole state space H. The system is observable if € is one-to-
one and exactly observable in infinite time if, in addition, the range of
€ is closed in L*(R™;Y). A system is minimal if it is both controllable
and observable.

(ii) By a stable factorization 7, D7_ = €B of the Hankel operator of
D € TIC(U;Y) we mean a factorization where H is a Hilbert space,
and B: L>(R™;U) — H and €: H — L*(R™;Y) are bounded linear
operators. This factorization s minimal if, in addition, the range of B
15 dense in H and &€ is one-to-one.

It is well known that every well-posed linear system can be turned into
a minimal system by factoring out the orthogonal complement of the range
of the input map and projecting onto the orthogonal complement of the null
space of the output map. See, for example, [Salamon 1989, p. 159] or [Arov
and Nudelman 1996, Theorem 7.1] (the corresponding discrete time version
if found in, e.g., [Helton 1974, Theorem 3a.1]).

The following is our main result:

Theorem 1.3. Let © € TIC(U;Y), and suppose that the Hankel operator
. O71_ of ® factors into 1, Dm_ = B, where H is a Hilbert space, and
B: [*(R;U) — H and €: H — L*(R";Y) are bounded linear operators
(i.e., ©B is a stable factorization of T, Dmw ).

(1) If B has dense range then (1) implies (3), and if € is one-to-one, then
(3) implies (1).

(i) Let Hyg be the closure of the range of B in H. Then the following
conditions are equivalent:

(a) condition (1) holds;



(b) there is a (unique) semigroup Ay on Hs such that [%ﬁ 5] s

a stable well-posed linear system on (Y, Hg,U); here €y is the
restriction of € to Hy.

(1ii) Let He be the orthogonal complement to the null space of € in H. Then
the following conditions are equivalent:

(a) condition (3) holds;
Ae Ve

(b) there is a (unique) semigroup Ae on He such that [%¢ B¢ is a
stable well-posed linear system on (Y, He,U); here Be = Pe'B,
where Pe is the orthogonal projection of H onto He.

(iv) If the factorization T, Dm_ = EB is minimal (i.e., B has dense range
and € is one-to-one), then the following conditions are equivalent:

(a) condition (1) holds;
(b) condition (3) holds;

(¢) there is a (unique) semigroup A on H such that [ 3] is a stable
well-posed linear system.

The proof of Theorem 1.3 is given in Section 6.

Corollary 1.4. There is a one-to-one correspondence between the set of all
minimal stable realizations of an input/output map © € TIC(U;Y) and the
set of all minimal stable factorizations of the Hankel operator of © satisfying
the admissibility conditions (1) and (3).

This follows from Definitions 1.1 and 1.2 and Theorem 1.3(iv). We remark
that all the realizations in Corollary 1.4 are weakly similar (with a one-to-one,
closed, possibly unbounded, densly defined similarity operator with dense
range); see [Arov and Nudelman 1996, Proposition 7.10] or Staffans [1999d].

2 The History of the Problem

Theorem 1.3 is in the spirit [Kalman et al. 1969, Part 4] (although the set-
ting is different). The importance of the Hankel operator of the input/output
map in realization theory has long been recognized. There is some formal



resemblence between Theorem 1.3 and the factorizations results presented
in [Kalman 1963, Theorem 1], [Kalman et al. 1969, Theorem (13.19)], and
[Brockett 1970, Theorem 1, p. 93], but there is a a very significant non-
technical difference: the realization presented there is intrincically time-
dependent (and time-reversible), and its state space dynamics is trivial. A
much more closely related result is found in [Kalman et al. 1969, Section
10.6] and [Fuhrmann 1981, pp. 31-32]: there we find the same algebraic
construction (in discrete time), but without any continuity considerations of
the type (1)—(3). Even closer to Theorem 1.3 is [Baras and Brockett 1975,
Theorem 6], [Baras and Dewilde 1976, Theorem 11.2.2] and [Fuhrmann 1981,
Theorem 6-3, p. 293], which give sufficient conditions for the existence of
a realization with bounded control and observation operators in the case of
finite-dimensional U and Y. As a special case of a stable factorization we
can take either B or € to be the identity operator; this leads to the exactly
controllable (or restricted shift) and exactly observable (or restricted x-shift)
realizations, respectively, different versions of which are found in, e.g., Baras
and Dewilde [1976], [Fuhrmann 1974, Theorem 2.6], [Fuhrmann 1981, Sec-
tion 3.2], [Helton 1974, p. 31], [Jacob and Zwart 1998, Theorem A.1], [Ober
and Wu 1996, Sections 5.2-5.3], and [Salamon 1989, Theorem 4.3].

Various types of infinite-dimensional discrete and continuous time real-
izations have recently been studied in Ober and Montgomery-Smith [1990)]
and Ober and Wu [1993 1996] (the restricted shift and -shift, input normal,
output normal, and (par)balanced realizations, as well as their spectral and
stability properties) and in Jacob and Zwart [1998] (minimal realizations of
a scalar inner transfer function with an invertible or exponentially stable
semigroup).

3 The Corresponding Frequency Domain Re-
sult

To derive a frequency domain analogue of Theorem 1.3 we first recall that
the space TIC(U;Y) is isometrically isomorphic to the space H*(U;Y") of
L(U;Y)-valued bounded analytic functions of the right half plane:

Proposition 3.1. There is a one-to-one correspondence between TIC(U;Y)
and H>®(U;Y) of the following type: To every ©® € TIC(U;Y) there is
a unique ® € H>®(U;Y), and to every © € H>®(U;Y) there is a uniqe



D € TIC(U;Y) such that, for every u € L>(R™;Y), the Laplace transform
Du of Du is given by @(z) = @(z)ﬂ(z), Rz > 0, where @ is the Laplace
transform of u. Moreover, the operator norm of © in TIC(U;Y') is equal to
the H>*(U;Y)-norm 0f’)5 (= supmz>0||f)(z)||).

This result is well known. See, for example [Weiss 1991, Theorem 1.3 and
Remark 1.6].

Thus, Theorem 1.3 may be interpreted as a realization result for the H*
transfer function ©. Usually U, H and Y are taken to be separable, in
which case © has a well-defined boundary function on the imaginary axis,
and the Hankel operator m,®7_ has a standard frequency domain interpre-
tation (projection onto H?(U)* followed by multiplication by the boundary
function followed by projection onto H?(Y')). However, in its present form
Theorem 1.3 does not look like a “standard” realization result for an H*
transfer function O, which is typically expected to provide a representation
of ® of the form

D(z)=C(zI —A)'B+D, Rz>0, (4)
where [4 B] are the generators of the system W. To get such a representation
we have to write the system V¥ in “differential” form

2'(t) = Az(t) + Bu(t), 5)

y(t) = Cx(t) + Du(t), t>0,
where A is the generator of the semigroup 2, B and C' are the (unbounded)
control and observation operator, determined by the fact that (in a well-
defined sense)

Bu = /_Oo A °Bu(s) ds, (6)
(¢z)(t) = CA'x, t>0,

and D is the feedthrough operator. For this to be possible we need to restrict
the set of permitted H* functions slightly, and consider only functions 2 for
which the (weak or strong) limit

Du= lim D()u uel, (7)

a—+400



exists in Y; here o — 400 along the real azis. Following Weiss [1994ab)]
and Weiss and Weiss [1997], we call such a transfer function (weakly or
strongly) regular. By a regular system we mean a system with a regular
transfer function. It has been known for roughly a decade how to construct
the generators [A B] of a regular system from the system operators %3 ];
see Arov and Nudelman [1996], Salamon [1989], Weiss [1989ab 1994ab], and
Staffans [1999d]. Our Theorem 1.3, combined with the general theory of
regular systems, gives us a representation of the form (4) for a regular transfer
function via the factorization of its Hankel operator. We refer the reader to
the works cited above for details of how to construct the representation (4)
of D from the system [2%]. Even in the non-regular case it is possible to get
a representation similar to (4) but slightly more complicated; see the cited
references.

4 Discrete Time Realizations

Our Theorem 1.3 has an obvious discrete time counterpart. One way to
formulate and prove this result is to use the Cayley transform, which often
has been used to transfer results in the opposite direction from discrete to
continuous time (see, e.g., Arov and Nudelman [1996] and Ober and Wu
[1996]). However, it is easier to prove the corresponding discrete time result
directly.

A discrete time system is usually written in difference form

Tpy1 = Axy, + Buy, (8)

yr = Cxp + Duy, kEZ+:{0,1,2,...},
where A € L(H), Be L(U;H),C € L(H;Y),and D € L(U;Y); here U, H,
and Y are Hilbert spaces and L(U;Y") stands for the set of bounded linear

operators from U to Y; etc. The discrete time input map B, output map €,
and input/output map D are given by

o0
Bu = E Ary_py,
k=0

(Cx), = CAFz, keZ,, (9)

(u)y =Y CA'Buji_y+ Duy, k€ Z={0,+1,%2,...},

1=0



where wuy represents an U-valued sequence with finite support and z € H.
The system is stable if supyeq || A¥|| < 0o, € € L(H;*(Z,;Y)), and the oper-
ators B and D can be extended to (bounded) operators B € L(I*(Z_;U); H)
(where Z_ = {-1,-2,...}) and ® € L(I*(Z;U);1*(Z;Y)). To get the input-
output representation of the system in (8) we replace the operators [4 2] by
the operators [4 3 ]. This quadruple of operators satisfies a set of conditions
similar to those listed in Definition 1.1. For each sequence wu;, z € Z and

each j € Z we define

ug, ke€Z_, ug, k€Z_,
(7 _u)e = (m )i = ,
0, keZ,, 0, seZ,,
. 1, k=y
U = Upy1, k€ Z, el =<7 ’
(U )k k+1 A {0, i 7&]._

Thus, 7, and 7_ are complementary orthogonal projections operators in
I12(Z), o is the (bilateral) left shift in [*(Z), o, = 7,0 is the (unilateral)
left-shift on 1?(Z.), and o_ = on_ is the (unilateral) left-shift semigroup on
I12(Z_). The vectors e/ form an orthonormal basis in /2(Z). The operators
[ 2 3] arising from a stable discrete time system on (Y, H, U) are characterized
by the fact that they satisfy the following four conditions:

(i) A€ L(H), and supk€Z+||Ak|| < 00;

(ii) B € L(I*(Z_;U); H) satisfies Bo_ = AB;

(iii) € € L(H;I*(Z,;Y)) satisfies €A = 0, €;

(iv) @ € L(I*(Z;U);1*(Z;Y)) satisfies 0D = Do, m_ D71y =0, and 7, D7_ =

B,
In particular, ® is again time invariant and causal, and its Hankel operator
7. D7_ factors into 7, D7m_ = €B. We call a quadruple of operators [4 3

which satisfy (i)—(iv) a stable discrete time well-posed linear system in input-
output form on (Y, H,U). The corresponding operators B, C, and D can be
recovered from B, € and ® through

Bu=B(ue '), Cx=(Cx)y, Du= (D(ue)). (10)

More details are given in Malinen [1997 1999]
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The discrete time analogues of (1) and (3) are
|1Bo*n_u||g < K||Bul||lg, Vk € Z,, Yu € *(Z_;U), (11)
(" 7 &)yl < K€y, Yk € Zy, Yy € 1X(Z43Y), (12)
where K = sup;z_ [|A¥||. The discrete time version of Theorem 1.3 reads as
follows:

Theorem 4.1. Let ® € L(I*(Z;U);1*(Z;Y)) be time invariant and causal
(i.e., 0® = Do and 7 D, = 0), and suppose that the Hankel operator
T, D71 of ® factors into ., Dmw_ = EB, where H is a Hilbert space, and
B e L(L*(Z_;U);H) and € € L(H; L*(Z,;Y)).
(i) If B has dense range then (11) implies (12), and if € is one-to-one,
then (12) implies (11).
(i) Let Hyg be the closure of the range of B in H. Then the following
conditions are equivalent:

(a) condition (11) holds;

(b) there is a (unique) operator Ag € L(Hsg) such that [éi 5] isa
stable discrete time well-posed linear system on (Y, Hg,U); here
Cy is the restriction of € to Hgy.

(11i) Let He be the orthogonal complement to the null space of € in H. Then
the following conditions are equivalent:

(a) condition (12) holds;

(b) there is a (unique) operator Ay € L(Hsg) such that [“g B¢ ] is a
stable discrete time well-posed linear system on (Y, He,U); here
Be = PeB, where Py is the orthogonal projection of H onto He.

(iv) If the factorization T, Dm_ = EB is minimal (i.e., B has dense range
and € is one-to-one), then the following conditions are equivalent:

(a) condition (11) holds;
(b) condition (12) holds;
(¢) there is a (unique) operator A € L(H) such that [ 3] is a stable

well-posed linear system.

We leave the straightforward proof of this theorem to the reader (it is
virtually identical to the proof of Theorem 1.3 given in Section 6).
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5 Applications and Extensions

One possible way of factoring the Hankel operator 7,07 _ is to factor the
time-invariant operator @ itself into ® = X9), where 9): L*(R;U) — L*(R; Z)
and X: L*(R;Z) — L*(R;Y) are bounded and time-invariant (but not nec-
essarily causal), and 7 is some auxiliary Hilbert space. We can then take
H=L*R;Z), A = 7!, B = Pr_, and € = 7, X. Strictly speaking, this is
not a special case of Theorem 1.3 since this realization is, in general, neither
controllable nor observable, but it is easy to see that this is a realization of
D (to get into the context of Theorem 1.3 we have to factor out the orthog-
onal complement to the reachable subspace Hg, or project the state space
H onto the orthogonal complement of the unobservable subspace, i.e., onto
He). In this realization all the information about the factor ) is contained
in the input map 8, and all the information about the factor X is contained
in the output map €. In particular, we can let X and ) be the factors in an
inner-outer factorization of ©, or the factors in a co-inner-outer factorization
of ®, or the factors in a Douglas-Shapiro-Shields factorization in the case
where D is strictly noncyclic. (See, e.g., [Ober and Wu 1996, Theorem 4.8]
for a description of the last factorization.) We shall return to this question
elsewhere.

It is also easy to prove a version of Theorem 1.3 which applies to unstable
systems: Instead of using the standard L?-spaces we can use L2-spaces with
an exponential weight for the input and output functions. This method is
useful also in the construction of an exponentially stable realization (when-
ever such a realization exists). In the case where B, €, and D are stable,
if we are willing to accept an unbounded semigroup ! in Theorem 1.3 and
an unbounded state trajectory A*z in Theorem 4.1, then it suffices to take
t €10,1] in (1)—(3) and to take £ =1 in (11)—(12). See Staffans [1999d] for
details. There it is also shown how to extend Theorem 1.3 to the class of
LP-well-posed linear systems on a triple on Banach spaces (Y, X,U), and an
alternative version of (3) is given which refers directly to € instead of €*.

6 Proof of Theorem 1.3

The proof of Theorem 1.3 is based on the following key identity, which is
often taken as the definition of a Hankel operator (cf. [Fuhrmann 1981, p.
249]:
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Lemma 6.1. The Hankel operator m,.D7m_ of ® satisfies
Ti7r+©7r, =m, Dr_7", VteR".
In particular, if T, Dm_ factors into 1, 0m_ = €B, then
TLCB = EBrt, VieR".
Proof. Use the time invariance of © to get

Timr@W, =, 7T Or_ =71, 7Dn_

=1, 971 =1, Dr_tr_ =1, Dr_7L. O

Proof of Theorem 1.3. (i) We get from Lemma 6.1 for all t € R, all u €
L*(R7;U), and all y € L*(R';Y),

(TL€) "y, Bu)yy = (y, 7. €Buyy = (C*y, Brlu)p.
In particular, if (1) holds, then

(T O)"y, Bu)g| = (€y, B u)g| < €y m|| B ullx
< K[[€y||al|Bulla,

which implies (3) whenever B has dense range. The other claim is proved in
a similar way (€* has dense range iff € is one-to-one).

(ii) The argument that we used above to derive (1) shows that (b) = (a).

Conversely, suppose that (a) holds. Without loss of generality, we may
assume that Hy = H (otherwise we replace H by Hgy). The idea is to use
the intertwining condition 208 = B7' in part (ii) of Definition 1.1 as a
definition of A!. Clearly, for this to be possible, the range of B must be
dense in H.

Thus, for each x = Bu € range(B) and ¢ € R, we define

Alx = Brtu.

To see that this definition of A’z does not depend on the particular choice of
u we use the fact that (1) imples (2): if x = Bu; = Busy then B(u; —uy) =0,
and B7 (u; — ug) =0 for all £ € RY.

We claim that 2( is a strongly continuous semigroup on range(8). Ob-
viously ° = I. Let x = Bu and A'z = Br'u. Then Az € range(B)
and

WA'r = Brirhu = Brithy = A5ty
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The strong continuity of 2! on range(8) is obvious (the left-shift semigroup
on L?(R™; U) is strongly continuous and 9B is bounded). Thus, 2 is a strongly
continuous semigroup on range(‘8).

Next we extend 2 to a strongly continuous semigroup on H. For each ¢, A"
is densily defined, and condition (1) implies that ||A'z||y < K||z||x for each
x € range(B). By continuity, 2 has a unique extension to a bounded strongly
continuous semigroup on H which satisfies the intertwining condition A8 =
Brt.

It remains to show that this semigroup also satisfies the second intertwin-
ing condition €A* = 7t € for all £ € R*. By the density of range(8) in H, it
suffices to show that €A'B = 7! €B, and this is an immediate consequence
of Lemma 6.1: €A'B = EBr! = 71 EB.

(iii) To prove (iii) it suffices to apply (ii) to the dual system.

(iv) This follows from (i)—(iii). O

References

D. Z. Arov and M. A. Nudelman. Passive linear stationary dynamical scatter-
ing systems with continuous time. Integral Equations and Operator Theory,
24:1-45, 1996.

J. S. Baras and R. W. Brockett. H?-functions and infinite-dimensional real-
ization theory. SIAM J. Control, 13:221-241, 1975.

J. S. Baras and P. Dewilde. Invariant subspace methods in linear

multivariable-distributed systems and lumped-distribute network synthe-
sis. Proceedings of the IEEE, 64:160-178, 1976.

R. W. Brockett. Finite Dimensional Linear Systems. John Wiley, New York,
London, 1970.

R. F. Curtain and G. Weiss. Well posedness of triples of operators (in the
sense of linear systems theory). In Control and Optimization of Distributed
Parameter Systems, pages 401-416, Basel, 1989. Birkhauser-Verlag.

P. A. Fuhrmann. On realization of linear systems and applications to some
questions of stability. Mathematical Systems Theory, 8:132-140, 1974.

13



P. A. Fuhrmann. Linear Systems and Operators in Hilbert Space. McGraw-
Hill, New York, 1981.

J. W. Helton. Discrete time systems, operator models, and scattering theory.
Journal of Functional Analysis, 16:15-38, 1974.

J. W. Helton. Systems with infinite-dimensional state space: the Hilbert
space approach. Proceedings of the IEEFE, 64:145-160, 1976.

B. Jacob and H. Zwart. Realization of inner functions. Preprint, 1998.

R. E. Kalman. Mathematical description of linear dynamical systems. STAM
J. Control, 1:152-192, 1963.

R. E. Kalman, P. L. Falb, and M. A. Arbib. Topics in Mathematical System
Theory. McGraw-Hill, New York, 1969.

J. Malinen. Well posed discrete time linear systems and their feedbacks.
Technical Report A384, Institute of Mathematics, Helsinki University of
Technology, Espoo, Finland, 1997.

J. Malinen. Riccati equations for discrete time systems. Doctoral dissertation,
Helsinki University of Technology, 1999.

R. Ober and S. Montgomery-Smith. Bilinear transformation of infinite-
dimensional state-space systems and balanced realizations of nonrational
transfer functions. SIAM Journal on Control and Optimization, 28:438—
465, 1990.

R. Ober and Y. Wu. Asymptotic stability of infinite-dimensional discrete
time balanced realizations. SIAM Journal on Control and Optimization,
31:1321—1339, 1993.

R. Ober and Y. Wu. Infinite-dimensional continuous-time linear systems:
stability and structure analysis. SIAM Journal on Control and Optimiza-
tion, 34:757-812, 1996.

D. Salamon. Infinite dimensional linear systems with unbounded control and
observation: a functional analytic approach. Transactions of the American
Mathematical Society, 300:383—431, 1987.

14



D. Salamon. Realization theory in Hilbert space. Mathematical Systems
Theory, 21:147-164, 1989.

0. J. Staffans. Quadratic optimal control of stable systems through spectral
factorization. Mathematics of Control, Signals, and Systems, 8:167-197,
1995.

O. J. Staffans. On the discrete and continuous time infinite-dimensional al-
gebraic Riccati equations. Systems and Control Letters, 29:131-138, 1996.

0. J. Staffans. Quadratic optimal control of stable well-posed linear systems.
Transactions of American Mathematical Society, 349:3679-3715, 1997.

0. J. Staffans. Coprime factorizations and well-posed linear systems. STAM
Journal on Control and Optimization, 36:1268-1292, 1998.

O. J. Staffans. Feedback representations of critical controls for well-posed
linear systems. To appear in International Journal of Robust and Nonlinear
Control, 1999a.

0. J. Staffans. On the distributed stable full information H° minimax prob-
lem. To appear in International Journal of Robust and Nonlinear Control,
1999b.

0. J. Staffans. Quadratic optimal control of well-posed linear systems. To
appear in STAM Journal on Control and Optimization, 1999c.

O. J. Staffans. Well-Posed Linear Systems. Book Manuscript, 1999d.

G. Weiss. Admissibility of unbounded control operators. STAM Journal on
Control and Optimization, 27:527-545, 1989a.

G. Weiss. Admissible observation operators for linear semigroups. Israel
Journal of Mathematics, 65:17-43, 1989b.

G. Weiss. The representation of regular linear systems on Hilbert spaces. In
Control and Optimization of Distributed Parameter Systems, pages 401—
416, Basel, 1989c. Birkhauser-Verlag.

G. Weiss. Representations of shift-invariant operators on L? by H*> transfer
functions: an elementary proof, a generalization to L”, and a counterex-
ample for L>°. Mathematics of Control, Signals and Systems, 4:193-203,
1991.

15



G. Weiss. Regular linear systems with feedback. Mathematics of Control,
Signals, and Systems, 7:23-57, 1994a.

G. Weiss. Transfer functions of regular linear systems. Part I: Characteriza-
tions of regularity. Transactions of American Mathematical Society, 342:
827-854, 1994b.

M. Weiss and G. Weiss. Optimal control of stable weakly regular linear
systems. Mathematics of Control, Signals, and Systems, 10:287-330, 1997.

16



