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QUADRATIC OPTIMAL CONTROL
OF WELL-POSED LINEAR SYSTEMS*

OLOF J. STAFFANST

Abstract. We study the infinite horizon quadratic cost minimization problem for a well-posed
linear system in the sense of Salamon and Weiss. The quadratic cost function that we seek to
minimize need not be positive, but it is convex and bounded from below. We assume the system to
be jointly stabilizable and detectable and give a feedback solution to the cost minimization problem.
Moreover, we connect this solution to the computation of either a (J, S)-inner or an S-normalized
coprime factorization of the transfer function, depending on how the problem is formulated. We
apply the general theory to get factorization versions of the bounded and positive real lemmas. In
the case where the system is regular it is possible to show that the feedback operator can be expressed
in terms of the Riccati operator and that the Riccati operator is a stabilizing self-adjoint solution of
an algebraic Riccati equation. This Riccati equation is nonstandard in the sense that the weighting
operator in the quadratic term differs from the expected one, and the computation of the correct
weighting operator is a nontrivial task.
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1. Introduction. This work treats the infinite horizon quadratic cost minimiza-
tion problem for a time-invariant well-posed linear control system in the sense of Sala-
mon and Weiss and extends the results presented in [23] to unstable systems. The
approach is the same as in [22]: we first employ a preliminary state feedback to stabi-
lize the system, and then we apply the theory developed in [23] to solve the quadratic
cost minimization problem for the stable system. Working backwards we then obtain
a solution to the original problem.

We consider two different types of cost functions. In the standard case both the
control and the observation are equally penalized; we show that this leads to a prob-
lem that is equivalent to the computation of a normalized coprime factorization of
the transfer function (see Corollary 4.9). It is possible to embed this type of problem
into a more general class of problem where there is no cost on the control itself, only
on the observation. In this setting the problem of quadratic cost minimization be-
comes equivalent to the computation of an inner coprime factorization of the transfer
function, i.e., a coprime factorization with an inner numerator (see Theorem 4.4).

The infinite horizon quadratic cost minimization problem is also associated with
an algebraic Riccati equation. Indeed, we show that in the case where the optimally
controlled system and its adjoint are regular in the sense of Weiss, the Riccati operator
satisfies an algebraic Riccati equation, and the feedback operator can be computed
from the Riccati operator. However, in this connection we encounter a very interesting
phenomenon: the weighting operator in the quadratic term of the Riccati equation
differs from the expected one, and the computation of the correct weighting operator
is a nontrivial task. The same operator is present in the formula that connects the
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Riccati operator to the feedback operator. This phenomenon was first reported in [18]
in a stable setting for a more restricted class of transfer functions. Examples where
this phenomenon occurs are given in [21], [22], [30], and [33].

We have based the discussion above on transfer functions rather than input/out-
put maps since we believe that the former concept is more familiar to most readers.
However, in the main body of the text we phrase our results in terms of input/output
maps instead. In our opinion, this formulation is both easier and more intuitive than
the transfer function formulation, and it has the advantage that generalizations to
nonlinear and time-dependent systems are more immediate.

For a more detailed account of the existing Riccati equation theory for various
classes of systems we refer the reader to [14] (and its forthcoming new version) and to
the review [13]. However, we have to mention the very interesting paper by Flandoli,
Lasiecka, and Triggiani [5]. In that paper the observation operator is bounded, but
the authors have told us that the results of that paper can be extended to some
classes of unbounded observation operators. Their approach is quite different from
ours. They do not assume that the system is stabilizable and detectable. On the
other hand, they also do not prove that the optimal system is well posed in our sense.
They make no study of the input/output behavior of the closed loop system, and
in particular, they do not mention the all-pass property of the optimal closed loop
system (see Remark 2.8). In our opinion, this is the most characteristic property of
the closed loop system.

The results presented here were originally obtained in the spring of 1995, and they
were circulated in the form of two preprints [18, 19] with the titles “Coprime factoriza-
tions and optimal control of abstract linear systems” and “The nonstandard quadratic
cost minimization problem for abstract linear systems.” The former preprint treated
the “standard” cost minimization problem and the latter a “nonstandard” cost min-
imization problem, where the cost function contains a possibly indefinite weighting
operator but is still bounded from below. The latter was a straightforward modi-
fication of the former, and it was not included in the original submission to STAM.
However, later work on the H°° minimax problem has proved that the inclusion of the
indefinite weighting operator would improve the future reference value of this work
significantly.! This was one of the reasons for a major revision that was carried out in
late 1996.% In the meantime we received preprints of [32] and [33], which overlap our
section 2. The problem studied in [33] is essentially the same as in [23], summarized
here in section 2, plus a Riccati equation theory for stable systems. However, neither
paper fully contains the other.

This work is very closely related to [24]; in fact, they were both part of the same
original submission to SIAM. We expect the reader to have access to [24] and refer
freely to results in that paper. In particular, we send the reader to [24] for a short
presentation of the basic theory of well-posed linear systems.

We use the following notation:

L(U;Y), L(U): The set of bounded linear operators from U into Y or from U into
itself, respectively.

I: The identity operator.
A*: The (Hilbert space) adjoint of the operator A.

IThis is due to the fact that it makes the formulae look identical to those that are valid in the
H®-case, although the underlying assumptions are different. See [25] and [26].
2At the same time [24] was separated into an independent paper.
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A>0: A is (self-adjoint and) positive definite.

A>0: A > el for some € > 0, hence A is invertible.

dom(A): The domain of the (unbounded) operator A.

range(A):  The range of the operator A.

R, R, R: R=(-—00,0), R =[0,00), and R~ = (—00,0].

L?*(J;U):  The set of U-valued L?-functions on the interval .J.

L2(J;U): L2(J;U) ={ue LL (J;U) | (t — e “tu(t)) € L*(J;U) §.

HP(U;Y): The set of L(U;Y)-valued H* functions over the half-plane Rz > w.

TI,(U;Y), TI,(U): The set of bounded linear time-invariant operators from
L2 (R;U) into L2 (R;Y) or from L2 (R;U) into itself.

TIC,(U;Y), TIC,(U): The set of causal operators in T1,(U;Y) or T1,(U).

TICU;Y), TIC(U): TIC(U;Y)=TICy(U;Y) and TIC(U) = TICy(U).

() g The inner product in the Hilbert space H.

7(t): The time-shift group 7(¢t)u(s) = u(t + s) (this is a left shift when ¢ > 0
and a right shift when ¢ < 0).

T (mju)(s) =u(s) if s € J and (myu)(s) =0if s ¢ J. Here J C R.

Ty, T_: T4 =T+ and T_ = TR-.

We extend a L2-function u defined on a subinterval J of R to the whole real line
by requiring u to be zero outside of J, and we denote the extended function by 7 u.
We use the same symbol 7; both for the embedding operator L2 (J) — L2(R) and
for the corresponding projection operator L2(R) — L2 (J). With this interpretation,
L2 (R;U) = L2(J;U) C L2(R;U) for each interval J C R.

2. The stable quadratic cost minimization problem. Before looking at the
general quadratic cost minimization problem for unstable systems, let us recall some
basic results valid for stable systems.

DEFINITION 2.1. Let U = [4 B] be a stable well-posed linear system on (U, H,Y)
[23, Definition 1], and let J = J* € L(Y). The quadratic cost minimization problem
for U with cost operator J consists of finding, for each xo € H, the infimum over all
u € L2(RT;U) of the cost

(21) Q(x()a ’LL) = <y’ ']y>L2(R+;Y) )

where y = Cxg + Dmyu is the observation of ¥ with initial value xg € H and control
u € L2 (R*;U). If there exists an operator Il = I1* € L(H) such that the optimal cost
s given by

ueLz}{lRf+;U) Q(xo,u) = (xo, Hxo) f
then 11 is called the Riccati operator of ¥ with cost operator J.

We have studied this problem in [23], but unfortunately, at that time we took the
operator J to be the identity operator throughout. If J is positive definite, then it is
possible to reduce J to the identity by a simple change of variable in the output space
Y, but many applications, such as the positive (real) lemma and the bounded (real)
lemma, require the use of a nondefinite J.? Fortunately, it turns out that the results

3We shall return elsewhere to the H> theory which requires both a nondefinite cost operator J
and a nondefinite sensitivity operator S.
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presented in [23] remain valid with trivial modifications as long as the input/output
map D of W is J-coercive in the following sense:

DEFINITION 2.2. Let J = J* € L(Y).

(i) The operator D € TIC(U;Y) is J-coercive iff D*JD > 0, that is,

(Du, JDU) 12 g,y = e||u\|%2(R;U) for allu € L*(R;U) and some € > 0.

(ii) A stable well-posed linear system ¥ = [“C“ g] is J-coercive iff its input-output

map D is J-coercive.

Indeed, this is the case that is important in the applications to the bounded and
positive (real) lemmas in section 8.

Since the solution to the cost minimization problem in the stable J-coercive case
is almost identical to the one in [23] we simply present this solution below, leaving
the proofs to the reader (it is done by inserting the operator J or S after each adjoint
operator defined on Y or U, respectively).

DEFINITION 2.3 (see [23, Definitions 16 and 17]). Let J = J* € L(Y), and let
S=5*€L(U).

(i) The operator N € TIC(U;Y) is (J,S)-inner iff N*JN = S.

(ii) An operator X € TIC(U;Y) is outer if the image of L*(R*;U) under X

is dense in L>(R*;Y).

(iii) An operator X € TIC(U) is an (invertible) S-spectral factor of D*JD €

TI(U) iff X is invertible in TIC(U) and D*JD = X*SX.
(iv) The factorization D = NX is a (J,S)-inner-outer factorization of D €
TIC(U;Y) if N € TIC(U;Y) is (J,S)-inner and X € TIC(U) is outer.
(v) In each case S is called the sensitivity operator of N or of the factorization.
LEMMA 2.4 (see [23, Lemmas 13 and 18]). Let D € TIC(U;Y), J = J* € L(Y),
SeL(U),S>0,5¢eLU), and S>> 0.
(i) D*JD has an S-spectral factor X iff D is J-coercive.
(ii) If X is an S-spectral factor of D*JD, then NX = (DX~') X is a (J,9)-
inner-outer factorization of D. Conwversely, if D is J-coercive and N X is a
(J, S)-inner-outer factorization of D, then X is an S-spectral factor of D*JD.

(iii) The set of all possible S-spectral factors X of D*JD can be parameterized
as X = E7'X and S = E*§E7 where X is a fixed g—spectml factor and
E € L(U) is an arbitrary invertible operator.

(iv) If D is J-coercive, then the Toeplitz operator wyD*JDny is invertible, and
its inverse can be written in the form (. D*JDmy )"t = X715 1r (X)L
Here X is an arbitrary S-spectral factor of D*JD. (X~1S71m (X*)~! does
not depend on the particular factorization, only on D and J.)

LEMMA 2.5 (see [23, Lemma 13 and Theorem 27)). Let J = J* € L(Y), and
let U = [4 B] be a stable J-coercive well-posed linear system on (U, H,Y). Then, for
each Tg € H, there is a unique control u°?*(zo) € L?*(R*;U) that minimizes the cost
function Q(zo,w) in Definition 2.1. This control u®P* is given by

uPt(zg) = XS n N* JCxo,

where N'X is an arbitrary (J, S)-inner-outer factorization of D (cf. Lemma 2.4). The
corresponding state z°P(xg), output y°P*(zg), and the minimum Q(xo,u’?*(zq)) of
the cost function are given by

1P (20) = Az — BX 7S n  N* JCxy,
Y (o) = (I — P)Cuxo,
Q (w0, uP" (z9)) = (w0,C*J (I — P) Cxo)y
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where
P=Dr (n,D*JDry) 'n,D*J =1 - NS 'n, N*J

is the projection onto the range of Dy along the null space of 1. D*J. In particular,
U has a Riccati operator, namely

n=c*J({-P)C,
and y°P*(xg) belongs to the null space of the projection P, i.e.,
T4 D* Jy°P(x0) = 7. D*J (Cxg 4+ Drpu(z0)) = 0.

We remark that, although the factorization D = N'X and the operator S are not
unique, the formulas given above produce the same result independently of how the
factorization is chosen. This follows from Lemma 2.4 (see, in particular, part (iv)).

THEOREM 2.6 (see [23, Theorem 27]). Let J = J* € L(Y), and let ¥ =
[4 5] be a stable J-coercive well-posed linear system on (U,H,Y). Let zg € H,
let z°P(zg), y°P* (o), and uP*(xq) be the optimal state, output, and control for the
quadratic cost minimization problem, and let II be the corresponding Riccati operator
(see Lemma 2.5).

(i) Let D = NX be a(J,S)-inner-outer factorization of D, and define M = X~1.

Then

K F]=[-S~'m N*IC (1- X))

is a stable and stabilizing state feedback pair for ¥ [23, Definition 22| and

2P (t, 1) [ A (1) A(t) + BMT(H)K
yP(zg) | = | Cs5 | z0= C+NK Zo
u®Pt(xq) | Ko MK
[A(t) BMT(t)
= C Ty — N 5_17T+/\/*JCLE0
| O M

is equal to the state and output of the closed loop system U defined by

A B A+ BrMK BM
\Ifo = CQ DO = C+NK N
Ko Fo MK M-T

with initial value xg, initial time zero, and zero control uy (see Figure 2.1).
The Riccati operator I1 of U can be written in the following alternative forms:

I = C*JC — K*SK = C*JCo = C5JCs = C5.JC.

y°P" (o)
woprt (5”0)

state feedback perturbation U of ¥ with initial value xg, initial time zero, zero
control ucs, and some admissible stable state feedback pair [IC  F|. Then there
exists an operator S € L(U), S > 0, such that NX is a (J,S)-inner-outer
factorization of D, where N =D (I —F)™" and X = (I — F). Moreover, K
is given by K = —S~1n N*JC.

(ii) Conversely, suppose that | | is equal to the observation of some stable



6 OLOF J. STAFFANS

Lo
x ﬁ
~— A Br
DI AT D
e 7
’/T+Uo ++ u _

F1c. 2.1. Optimal state feedback connection Wy in Theorem 2.6.

(iii) If y = Coxo + Dymyucy is the first output of the optimal closed loop system
W with initial state xo € H and control ue € L*(R*;U) (see Figure 2.1),
then the closed loop cost Qs (o, uc) is given by

(2.2)  Qo(zo,uo) = (y, Jy>L2(R+;y) = (2o, Hzo) y + (uo, SUO>L2(R+;y) .

Proof. Only (iii) requires a proof, since this identity is not found in [23]. This
proof goes as follows (the last equality follows from Lemma 2.5):

<y7 Jy>L2(R+;Y) = <<y0pt (.%‘0) + Nﬂ-+u0)(5)a J(yopt(xo) + NW+UO)(S)>L2(R+;y)
= <yopt(m0), Jyopt(x0)>L2(R+;y)

+ 2R (X7 iue(s), D* Jyo*

+ <u07N*JN7T+u©>L2(R+;U)

(20)) (v

= <$07H$0>H + <UO7 Su@)LQ(R+;U) : a

REMARK 2.7. This theorem is actually true under weaker stability assumptions.
It suffices if C and D are stable, i.e., A and B need not be stable [24, Definition 2.11].
Of course, the corresponding closed loop A and B need not be stable in this case.
Stability of A was not assumed in [23], and the stability of B was never used in a
nontrivial way in the proofs (although it was assumed). See also [33] which requires
no stability of A and B.

REMARK 2.8. The conclusion of part (iii) of Theorem 2.6 says that the frequency
response of the input/output map from the closed loop control ux in Figure 2.1 to
the original output is completely flat, i.e., this input/output map is all-pass, with a
power amplification level equal to S. Thus, S measures the sensitivity of the closed
loop system with respect to deviations from the optimal strategy. This is the reason
why we call S the sensitivity operator of the closed loop system.

3. Quadratic cost minimization: Reduction to the stable case. We are
now ready to attack the unstable quadratic cost minimization problem. The definition
of the problem is essentially the same as in the stable case.

DEFINITION 3.1. Let ¥ = [4 B] be a well-posed linear system on (U, H,Y), and
let J =J* € L(Y). The (nonstandard) quadratic cost minimization problem for U
with cost operator J consists of finding, for each xo € H, the infimum of the cost
Q(wo,u) defined in (2.1) over all those u € L?>(R*;U) for which the corresponding
observation y = Cxo+ Dryu of ¥ satisfies y € L2(RY;Y). If there exists an operator
I =1I* € L(H) such that the optimal cost is given by

inf = 1I
ueLzlgiJr;U) Q(i[o,u) <.’£0, xO)H,
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then 11 is called the Riccati operator of ¥ with cost operator J.

Clearly, @ is a quadratic, possibly unbounded, function of v € L*(R*;U) due
to the fact that Dr, is a linear, possibly unbounded, operator in L?(R*;U). The
latter operator is not bounded on L?(R*;U) unless ¥ is input-output stable, but it
is always closed.

LEMMA 3.2. Let D € TIC,(U;Y) for some a > 0. Then the restriction Dy of
the Toeplitz operator Dmy to the domain

dom(Dy) = {u € L*(R";U) | Dryu € L*(RT;Y) }

is a closed (possibly unbounded) linear operator from dom(Dy) C L2(R*;U) into
L*(R*;Y).

Proof. This follows directly from the fact that L?(R") is continuously imbedded
in L2(R1). 0

We can say something more about how Dy maps L?(R*;U) into L?(R*;Y) in
the case where D has a right coprime factorization.*

LEMMA 3.3. Let D € TIC,(U;Y) for some o > 0, and suppose that D has a
right coprime factorization (N, M) [24, Definition 4.2].

() Ifue L2 (RT;U), w, € L2 (RY;Y), and y € L2 (RT;Y) satisfy

loc loc loc
u= Mmyu, and y = Nnyu,,

then w, € LAR*;U) iff both uw € L2 (R*;U) and y € L*(RY;Y). Thus,
dom(Dy) is equal to the image of L2(R*;U) under Mn,, and range(Do) is
equal to the image of L*(R*;U) under N7y. In particular, dom(Dy) is dense
in L2(R*;U) iff M is outer.

(ii) With u, u,, and y as above, there exist strictly positive constants € and M
such that

e(lullzmrwy + 19172 @ yy) < luwsllie@ms0)
< M (lullZe sy + 19172 @mesv))-

Proof. Clearly, if u, € L>(R*;U), then both v € L2(R™;U) and y € L?(R*;Y).
Conversely, if both v € L2(R*;U) and y € L?(R*;Y), then we can use the right
coprimeness of N' and M to write

u, = (37N+)?M)7T+Ub = ﬁy—kz\?u,

and this implies that u, € L?>(R*;U). The claims about the domain and range of Dy
follow immediately, and so does claim (ii). 0O

As a special case of this result (take NV = D and M = I) we get the following
(trivial) estimate.

LEMMA 3.4. For each D € TIC(U;Y) there exist strictly positive constants €
and M such that, for allu € L*(R;U),

e(lullfzmuy + 1PullZzmyy) < lulliz@ay < lulliz@me) + 1PUl7e ®oy)-

A necessary and sufficient condition for the existence of a finite infimum for
the nonstandard quadratic cost minimization problem is that the cost function @
is bounded from below as a function of u. This should be true for each fixed zg € H.
We shall actually impose a slightly stronger condition on ) which implies that not
only does the infimum exist, but it is in fact a minimum.? However, before intro-

4This is true, e.g., when D is the input-output map of a jointly stabilizable and detectable
well-posed linear system. See [24, Theorem 4.4].
5See Lemma, 3.9.
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ducing this condition, let us make the following simple observation about the stable
case.

LEMMA 3.5. Let J = J* € L(Y). The operator D € TIC(U;Y) is J-coercive
iff D*JD > e(D*D + 1) for some € > 0, i.e., (Du,JDu)r2gyy = e(HuH%g(R;U) +
HDu||2L2(R;U)) for allu € L*(R; U).

Proof. This follows from Definition 2.2 and Corollary 3.4. a
In the unstable case we turn the characterization of J-coercivity given in this
lemma into a definition.
DEFINITION 3.6. Let J = J* € L(Y), and let a > 0.
(i) The operator D € TIC,(U;Y) is J-coercive iff there exists a constant € > 0
such that

2 2
(D, JDTL ) iy 2 € (oo o) + 1Dl o e ) )

for all those u € L*(R*;U) for which Dryu € L*(RT;Y).
(ii) The system ¥ = [4 5] on (U, H,Y) is J-coercive if there exist constants
M > 0 and € > 0 such that the cost function @ defined in (2.1) satisfies

2 2 2
(3.1) Q(wo,u) > € <HU||L2(R+;U) + ||yHL2(R+;Y)) = M [0l

for all those o € H and u € L*(R*;U) for which y = Cxo + Dryiu €
L*(R*;Y).

By Lemma 3.5, part (i) of Definition 2.2 is consistent with part (i) of Definition
3.6. That the second half of these definitions is also consistent follows from the next
lemma.

LEMMA 3.7. A stable system is J-coercive in the sense of Definition 3.6 iff its
input-output map is J-coercive.

Proof. Trivially, the J-coercivity of an arbitrary system (stable or not) implies
that its input-output map is J-coercive (take zg = 0).

Conversely, suppose that D is J-coercive, e.g., in the sense of Definition 2.2. For
each u € L>(R*;U) we have

(Dryu+ Cxo, J(Drpu+ Cxo))y
> (Dru, J (Drw))y = 2| TP [l llzoll = []ICI* ol

Combining this with Lemma 3.5 and with the fact that for all positive constants a,
b, and 6 it is true that 2ab < §a® + (1/6)b?, we find that for some sufficiently large
constant M, independent of u and x,

(Dryu+ Cxo, J(Dryu + Cao))y > e/2(|[ull® + ||yl?) — M [|lzo|? -

Thus, the system is J-coercive in the sense of Definition 3.6. O

LEMMA 3.8. Let J =J* € L(U;Y), and let D € TIC,(U;Y) for some a > 0. If
D has a right coprime factorization (N, M), then D is J-coercive iff N is J-coercive.

Proof. This follows from Lemmas 3.3 and 3.5 and Definition 3.6. d

Our approach to the quadratic cost minimization problem is to first use a prelim-
inary stabilizing feedback and to then minimize the stabilized problem. It is based on
the following result.

6The same statement is actually true for all jointly stabilizable and detectable systems. See
Lemma 3.9(iii).
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LEMMA 3.9. Let J = J* € L(Y), and let U = [ 4 B] be a well-posed linear system
on (U, H,Y) with jointly stabilizing feedback and output injection pairs [KC* F'] and
[Z] (24, Definition 3.15]. Let

[ A, B,

¥, =116 D,

1) 7
[A+Br(I-FY'K' B(I-FY)"
=llc+p(-F)"'kt| |D@I-F)""
(I-FH) 'Kt (I-FY ' =1

be the state feedback perturbed version of U [24, Lemma 3.13] with feedback pair
F.
(i) The output y = Cxo + Dryu of ¥ with nitial value xg € H and control

K

u€ L (RT;U) is equal to the first output y = Cyxo + Dymyuy of U, with the
same initial value xo € H and control w, € L2 _(R*;U) if we choose u and

uy, to satisfy e
(3.2) u=(I- .7-"1)71 (K'zog + myw,) = Kyzo + (I + F)) myw,
or equivalently,”

w, = —Klzo + (I- .7-'1) T4 U.

With this choice of u and w,, the states z(t) = A(t)xo + Br(t)myu and
x(t) = Ay (t)zo + By (t)m o, of the two systems are also equal for allt € RT.
Moreover, w, € L>(RT;U) iff both y € L>(R™;Y) and u € L2(R*;U), and
there exists a constant M (independent of xg, u, and w,) such that

2 2 2
Hu||L2(R+;U) <M (”350”}1 + ||ub||L2(R+;U)> )

2 2 2 2
||ub||L2(R+;U) <M <||$0||H + ||yHL2(R+;Y) + HU’HL2(R+;U)) ‘

The original system ¥ is J-coercive iff the feedback stabilized system Uy, is so.
The original system U is J-coercive iff its input/output map D is J-coercive.
If either (hence both) of the two systems is J-coercive, then the controls u €
L2 (RT;U) of ¥ and w, € L2(RT;U) of ¥, are uniquely determined by the
initial state xo and the (first) output y. In particular, if the output y =
Cxo + Dryu of W with initial value o and control u € L*(RT;U) is equal
to the first output Coxg + Dymyiw, of W, with initial value xo and control
w, € L2(RT;U), then u and w, must satisfy (3.2).

Proof. (i) The output of ¥ is given by y = Cxo + Drru and the first output
of U, is given by y = C,xg + Dyu, = (C + D(I — FH)" 1KY 2 + DI — F) "L puy,
so we get the same output if we let u and w, satisfy (3.2). By [24, Theorem 4.4],
(Dy, (I + .7-";)) is a right coprime factorization of D. Since it is possible to write the
equations connecting u, uy, and y in the form

u=(I+F)miu, + Ko,
y = Dymiu, + Cyxo,

7See the equivalent [24, Figures 3.4 and 3.7].
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and since (by the stability of ¥,) K,zq € L?(RT;U) and C,zg € L*(RT;Y), it follows
from Lemma 3.3 that u, € L*(R*;U) iff both y € L>(R*;Y) and u € L2(R*;U).
Moreover, the listed inequalities are true.

(ii) Suppose that ¥ is J-coercive. By the second of the two inequalities in part (i),

2 2 2 2
e/211ul2 ey + /2 W] 2e ey = —€/2 20l + €/ (2M) s oy

and this combined with (3.1) implies that ¥, is J-coercive (replace M by M + €/2
and e by min{e/2,¢/(2M)}). The proof of the converse part is similar but simpler.

(iii) This follows from part (ii) and Lemmas 3.7 and 3.8.

(iv) If the two controls u,} and uf produce the same output y = C,z¢ + Dbu,} =
Cyxo + Dbuf, then their difference u; — uf satisfies Dbmr(u; — uf) = 0. As D, is
J-coercive, D, is one-to-one on L*(R*;U), and we find that m (u} — u?) = 0.
Similarly, if the two controls u! and u? produce the same output y = Cxo + Dryul =
Czo + Dryu?, then their difference u! — u? satisfies Dy (u! — u?) = 0. Define
z=(I+F) ' rp(ut —u?). Then (I + F})z =u' —u? and D,z = D(u' —u?) = 0.
Recall that (D,, (I 4+ F})) is a right coprime factorization of D [24, Theorem 4.4].
From Lemma 3.3 we conclude that z € L*(R*;U), which combined with the J-
coercivity of D, implies that z = 0. Thus, u! — u? = 0 also. a

4. The solution to the unstable quadratic cost minimization problem.
Lemma 3.9 gives us the following preliminary solution to the general quadratic cost
minimization problem.

LEMMA 4.1. Let J = J* € L(Y), and let ¥V = [{ B] be a jointly stabilizable
and detectable J-coercive well-posed linear system on (U, H,Y). Then the quadratic
cost minimization problem with cost operator J has a unique minimizing solution
uPt(zo) € L2(R*T;U). This solution can be computed as follows: We first feed-
back stabilize ¥ as described in Lemma 3.9, and we then apply Lemma 2.5 with
U replaced by the stabilized system W, to get an optimal control u(;pt(oco)7 an opti-
mal output y°P*(zo), and an optimal state trajectory x°P*(zg) for the stabilized sys-
tem. The optimal control for the original system ¥ is then given by u°Pt(zg) =
Klazo + (I +FHmiug™ (20), and the optimal output and state for the original min-
imization problem is equal to the optimal output y°P'(zg) and state z°P*(xq) for the
stabilized minimization problem. In particular, the original problem and the stabilized
problem have the same Riccati operator.

The solution given by Lemma 4.1 is not yet complete in the sense that it does
not contain the same type of feedback description as Theorem 2.6 does for the stable
case. Our next task will be to develop such a feedback description. This description
will be given in terms of a right coprime factorization of the input/output map D
with the special property that its numerator is (J,.S)-inner. This notion is defined as
follows.

DEFINITION 4.2. Let J = J* € L(Y), let S = S* € L(U) be invertible, let
D eTIC,(U;Y) for some a >0, and let (N, M) be a right coprime factorization of
DinTIC.

(i) IfN is (J,S)-inner, then (N, M) is a (J, S)-inner right coprime factorization

of D.

(ii) If [N] is (I, 9)-inner, i.e., if N*N + M*M = S, then (N, M) is an S-

normalized right coprime factorization of D. _

LEMMA 4.3. Let J = J* € L(Y), and let S € L(U), S > 0, S € L(U), and
S>0. LetD € TIC,(U;Y) for some a > 0, and suppose that D has a right coprime
factorization (N, M) in TIC(U;Y).
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(i) If D is stable, then (N, M) is a (J,S)-inner right coprime factorization of D
iff NM~Lis a (J,S)-inner-outer factorization of D, or equivalently, iff M~!
is an S-spectral factor of D*JD.

(ii) D has a (J, S)-inner right coprime factorization iff D is J-coercive.

(i) The set of all possible (J, S)-inner right coprime factorizations (N, M) of D

(where J and D are fized while Ny M and S vary) can be parameterized as
N =NE, M = ME, and S = E*SE, where N, ./W) is a fized (J,S)-inner
right coprime factorization of D and E € L(U) is an arbitrary invertible
operator.

Proof. (i) Tt is easy to see that if X is an S-spectral factor of D*JD, and if
we define M = X! and N = DX, then (N, M) is a (J,S)-inner right coprime
factorization of D (it is coprime since M is invertible in TIC(U)). Conversely, if
(N, M) is a (J, S)-inner right coprime factorization of D, then (D, I) is another right
coprime factorization of D, and it follows from [24, Lemma 4.3(i)] that M has an
inverse in TIC(U). It is then obvious that X = M~! is an S-spectral factor of
D*JD.

(ii) If D is J-coercive, then by Lemmas 3.8 and 2.4(i), A is J-coercive and has a
(J, S)-inner-outer factorization N’ = N'.X. According to Lemma 2.4(ii), X is invertible,
and by [24, Lemma 4.3(i)], (N, M) = (WXL, MX~1) is a (J, S)-inner right coprime
factorization of D.

On the other hand, if D has a (J,S)-inner right coprime factorization (N, M),
then N is (J, S)-inner, hence J-coercive (since we assume that S > 0). By Lemma
3.8, D is J-coercive.

(iii) This follows from [24, Lemma 4.3(i)] and Lemma 2.4(iii). O

The following is our first main result.

THEOREM 4.4. Let J =J* € L(Y), let S € LIU), S>>0, and let ¥ = [4 B] be
a J-coercive jointly stabilizable and detectable well-posed linear system on (U, H,Y)
[24, Definition 3.16]. Let z°P*(z0), y°P*(x¢), and u®P*(xq) be the optimal state, out-
put, and control for the quadratic cost minimization problem for W, and let I1 be the
corresponding Riccati operator (cf. Lemma 4.1).

(i) Let (N, M) be a (J, S)-inner right coprime factorization of D. Then there is a

unique feedback map K such that [ F]=[K (I — M™1)] is an admissible
stabilizing state feedback pair for ¥ and

2P (t, 20) As(t) A(t) + BMr(t)K
yPYzg) | = | Co | a0= C+NK g
'Ll/Opt (.’E()) ’CQ MIC

is equal to the state and output of the closed loop system ¥ defined by

As By A+BrMK  BM
Uy = |[Cy Dol = | [C+NK N
Kol | Fo MK M-—1

with initial value xq, initial time zero, and zero control uy (see Figure 2.1).
The feedback map K is uniquely determined by the fact that C5 = C + NK €
LH;L*(RT;Y)), Ko = MK € L(H;L*(R%;U)), and 74 N*JCs = 0.
Moreover, the Riccati operator of ¥ is given by

Il = C4JCs = (C+ NK)*J(C + NK).
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(ii) If y = Cyxo + Deymiuey is the first output of the optimal closed loop system
W in (i) with initial state xo € H and control us € L*(R*;U) (see Figure
2.1), then the closed loop cost Q¢ (xo,ucs) is given by

(41)  Qo(wo,uo) = (y, Jy>L2(R+;Y) = (wo, o) yy + <u07SUO>L2(R+;Y)’

(iii) If U is jointly w-stabilizable and detectable for some w < 0 [24, Definition
3.16], and if N and M in (i) are right w-coprime [24, Definition 4.1], then
the closed loop system W is w-stable.

(iv) If (M, M) are given, then the feedback map K, the Riccati operator 11, the
closed loop semigroup A, and the closed loop controllability and feedback
maps C and K can be computed as follows: Choose some arbitrary jointly
stabilizing feedback and output injection pairs [K*  F'] and [ 7% 1. Then

K=MI1K - S n, N*JC,,
Ao Ab BMT
Col=16C | — N 5_17T+N*Jcb7
Ke Kl M
M=CJC — (K- MK} S (K- MK
=C; (J = INS™ 't N*J)C, = CFJCis = CLJCy,

where A, = A+ BTKL, C, = C+ DK}, and K} = (I — FY)7'KL (If ¥ s
stable, then we can can take IC; =0, A4 = A, and C, = C and get the same
formulae as in Theorem 2.6).

Proof. Let us first show that the conditions on K in (i) determine K uniquely. Sup-
pose that we have two feedback maps X! and K? such that both C+ANK! and C+NK?
belong to L(H; L*(R*;Y)), both MK! and MK? belong to £(H; L?>(R*;U)), and
T N*J(C + NKY) = 7. N*J(C + NK?). Then, for each x € H, N(K! — K?)z €
L*R*Y), MK — Kz € L2R*;U), and 7, N*J(N(K! — K%)z) = 0. By
Lemma 3.3, (K! — K?)z € L2(R*;U), hence

0=m N*JN(K' = K?)z) = 7. (N*IN)(K' — K?)z = Smy (K — K?)z.

As (K!' — K?)z is supported on RT and S invertible, we must have (K1 — K?)z = 0
for all x € H.

In order to prove the remainder of (i) we proceed as suggested by (iv); i.e., we
choose preliminary jointly stabilizing feedback and output injection pairs [K1 F?]
and | z‘ ] with interaction operator £;. The output injection pair and the interaction
operator & play a very nonsignificant role below; they are only needed so that we can
apply [24, Theorem 4.4] in order to show that (D(I — F')~1 (I — F')71) is a right
coprime factorization of D. We shall therefore ignore the output injection part of the
system for the rest of this proof, but we return to this question at the end of the
section.

We add the state feedback pair [K! F!] to the system ¥ and close the state
feedback loop as in Lemma 3.9 to get the stable system ¥, given in that lemma.
According to Lemma 4.1, the quadratic cost minimization problems for ¥ and W,
have the same optimal state 2°P*(zg) and output y°P*(zg) and the optimal controls
uPt(z0) and u™* (z) are related to each other as in (3.2).

We want to apply Theorem 2.6 to solve the quadratic cost minimization problem
for the closed loop system W,. By Lemmas 3.7 and 3.9, D, is coercive. Since both
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(Dy, (I +F})) and (N, M) are right coprime factorizations of D, it follows from [24,
Lemma 4.3] that the operator

(4.2) X=M'I+F)=(I-FYym)"

belongs to TIC(U) and is invertible in TIC(U). Thus, NX is a (J, S)-inner-outer
factorization of D,. By Theorem 2.6, the solution to the quadratic cost minimization

problem for W, is of state feedback type. More precisely, the pair
[K:n fh] = [—5_17T+N*Jcb (I— X)}

is a stable stabilizing state feedback pair for ¥, and if we further extended the system
\I/b into

A, B,
G D,
K| |5
Ky F

by adding the extra state feedback pair, and then close the new state feedback loop
to get the stable closed loop system [24, Lemma 4.5]

Uy

A, +BbTX71/Ch

_Cb +DbX71Kh

]C; +.7:b1X71/Ch
X_lK:h

A+ Br (K} + MKy)

[C+ D (K} + MK,) ]|
KL + FLMIK,

Bbﬂf’*l
[ Dinl
Flat
Xl
BM
N
FIM

L (I—J—'l)MICh

(I-FYM-1I

then 2°P*(xg), y°P*(z0), and ug®*(zo) are given by

2Pt (z0) Apey A+ Bt (]Cbl + M’Cu)
yOPt(ZEO) = Cbo o = C + D (K:; + M’Ch) i)
" (20)] Koo (I = F1) MK
and C,y satisfies
N*JCys = 0.

From this result we are able to derive the conclusions listed in (i) and (iv). Most
of the proof is ready. In particular, the formulae for the Riccati operator II given in
(iv) follow from Lemma 3.9 and the corresponding formulae in Theorem 2.6. It only
remains to return to the original system ¥ and the original control u°P*(z).

The optimal control u;’pt (o) for W, corresponds to the optimal control

WP (ao) = (1= F) " (K'ao + 1w (w0)) = (K + MK;) 2
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for the original system W. We observe that u°P*(xq) is equal to the sum of the two
last outputs of W, with zero control. Let us add these two rows and combine them
into one to get the system

As B A+BrMK — BM
\I/Q = CO DQ = C+NK N y
Ko| |Fos MK M1

where K = MKy = Ky + M'K!. We then have

xP(t, ) [As(t) A(t) + BMT(t)K
Opt (Io) = CO o = C + ./\/"C Xg.
Opt(:zzo) | Ko MK

Moreover, since Ciy = Cycy, we have N*JCx = 0, and Wy is the system that we get by
closing the state feedback loop in the system

A B

C D,

< 7
where K is the feedback map defined above and F = I — M~!. This completes the
proofs of both (i) and (iv).

The proof of (ii) is identical to the proof of Theorem 2.6(iii).

Finally, let us prove (iii). Under the assumption of (iii) we can throughout work
with the notion of w-stability instead of just plain stability (the latter notion is the
same as w-stability with w = 0). The only part of the extended optimal system U,
whose w-stability is not obvious is the state feedback map Ky; all the other parts of
the system are bounded linear operators on the correct spaces. Thus, we must show
that Ky € L(H; L2(R1;U)). Recalling the definition of Ky, we realize that it suffices
to show that the anticausal operator N™* belongs to T'I,,(Y;U). Here the duality
is with respect to the inner product in the unweighted L2, so by standard duality
theory N* € TI_,,(Y;U). However, since N'* is anticausal, this implies that N* can
be extended to an anticausal operator in TI5(Y;U) for all § < —w [24, Lemmas 2.4
and 2.9]. In particular, since w < 0, N* € TL,(Y;U). Thus, Ky € L(H; LZ(RT;U)),
and W, is stable. a

REMARK 4.5. An inspection of the proof of Theorem 2.6 shows that if the system
U is jointly strongly stabilizable and detectable, then the optimal closed loop system
U will be strongly stable, too [24, Lemma 3.5].

Theorem 4.4 does not contain a converse part like the one found in Theorem
2.6(ii), since we have been able to prove only the following partial converse.

THEOREM 4.6. Make the same hypothesis as in Theorem 4.4. Suppose that
the solution to the quadratic cost minimization problem is of state feedback type in

O

the sense that | of,tg g; | is equal to the output of the closed loop system W with

initial value xg, initial time zero, zero input uc, and some stabilizing state feedback
pair K F|. Define M = (I — F)~' and N' = DM. Then there exists a positive
invertible operator S = S* € L(U) such that N is (J, S)-inner, and the claim (ii) in
Theorem 4.4 is true for this closed loop system. If, moreover, N' and M are right
coprime, then (N, M) is a (J, S)-inner right coprime factorization of D. This is true,
in particular, whenever ¥ is exponentially stabilizable.
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Proof. We suppose that the solution to the quadratic cost minimization problem
for WU is of state feedback type and claim that this implies that the solution to the
quadratic cost minimization problem for the system W, considered in the proof of
Theorem 4.4 is also of state feedback type. The proof of this is based on [24, Lemma
4.5] and Lemma 3.9. We consider the combined system

A B

C D
ICI fl )
K F

where (K!, F1) is the same preliminary feedback pair that we used in the proof of
Theorem 4.4 and [ F] is the optimal feedback pair. By [24, Lemma 4.5, [ F]
is a stabilizing feedback pair for this combined system (due to the coprimeness of
D(I —FY) = and (I — F')~'). Moreover, the pair

Ky FAl=K-(I-F)I-FH'K' I-(I-F)(I—-FH]

is a stabilizing feedback pair for ¥,. By combining this fact with Lemma 3.9, we
find that the optimal solution to the quadratic cost minimization problem for the
system W, is of state feedback type. However, in contrast to the situation covered by
the converse part of Theorem 2.6, we do not know that the feedback pair [K; Fj]
itself is stable, and this causes some additional complications and prevents us from
applying part (ii) of Theorem 2.6. Instead we argue directly, examining the proof of
the converse part of Theorem 2.6 as presented in [23].

We know that F, € TIC,(U) for some o > 0 (but not necessarily for o = 0) and
that (I —F;)~! € TIC(U). Fortunately, it was the latter property that was important
for a major part of the proof of Theorem 2.6(ii). By repeating the argument in [23]
we find that if we define My = (I — F;)~!, then

M;D; ID,M; = §

for some nonnegative S = S* € L£(U). However, the proof given there of the invert-
ibility of S was based on the boundedness of Fy, so it does not apply.

Since My is invertible in TIC, (U), we know that My, is one-to-one. This together
with the invertibility of DjJD, (which is a consequence of the .J-coercivity) implies
that S is one-to-one. Its inverse S~! is a nonnegative, possibly unbounded, self-
adjoint operator which has a nonnegative self-adjoint square root S~/2. Denote
the domain of S~'/2 by W. Then M;S~1/2 € TIC(W;U), and it can be extended
to an operator on TIC(U) since S~/ M;D;JD,M;S'/? can be extended to the
identity operator on TIC(U). We denote this extension of MyS~1/2 by M. Then
S—1/2 = ./\/lh_lj\/l € TIC,(W;U), and it can be extended to an operator in TIC, (U)
since the right-hand side of this equation belongs to TI1C,(U). But this means that
S~1/2 can be extended to an operator in £(U), hence S'/2 and S must be invertible.

Since N =DM =D(I - F)~! = ’Db/\/l?, and since My Dy JD, My = S, we find
that A is (J, S)-inner as claimed. The proof of the statement given in part (ii) of
Theorem 4.4 remains the same as before.

We have not been able to prove that A" and M must always be right coprime.
This will be true if and only if the feedback pair [K! F!] stabilizes the original
system extended with the feedback pair [ F], cf. [24, Lemma 4.5]. In particular,
it is true whenever [KC!  F1] is exponentially stabilizing; see [24, Lemma 3.20]. O
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w8

+

LUO,+ uo

Fic. 4.1. Externally parameterized optimal state feedback system.

According to Lemmas 2.4 and 4.3, Theorems 2.6 and 4.4 contain a hidden free
invertible parameter E € L(U).® For example, the set of all possible (J, S)-inner
coprime factorization of D in Theorem 4.4 can be parameterized as follows.

PROPOSITION 4.7. Let (N, M) be a particular (J,S)-inner coprime factorization
of D. Then the set of all possible sensitivity operators S and all possible (J, S)-inner
coprime factorizations (N, M) of D (where J and D are fized while Ny M, and S
vary) can be parameterized as

S=FE*SE, N=NE, M=ME,

where E wvaries over the set of all invertible operators in L(U). The corresponding
feedback pair [ F] in Theorem 4.4 is given by

K=E"'K, (I-F)=EYI-7),

where K = —Sa, N*JC and F = (I—Mv_l); zﬂg.,f[/l% ]?] is the feedback pair in
Theorem 4.4 corresponding to the factorization (N, M). The parameterized version
of the formula for the closed loop system in Theorem 4.4 is

As  Bs A+BMsK  BME
Uy = CO DO = C t/j\[’c NNE
Kol |Fs MK ME — T

The first column is independent of E (but the second is not).

This follows from Lemma 4.3.

The operator E has a very simple interpretation: it represents a coordinate change
in the input space for the closed loop system.

PropPOSITION 4.8. Introduce the same notation as in Proposition 4.7. Then
the two diagrams drawn in Figures 2.1 and 4.1 are equivalent in the sense that the
relationships between all the signals with identical names are identical in the two
diagrams (but z differs in general from Z.)

Proof. Clearly, if we can show that the relationships between us and u are the
same in both the diagrams, then all the other relationships will be the same, too,
since both diagrams say that

x = Axg + Bru,
y = Cxg + Du.

8In [23] this parameter was written out explicitly and it was explained why it cannot be avoided:
it represents an undetermined feed-forward term inside the feedback loop.
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In Figure 2.1 we have
u=Kzo+ Fu+ mruy,
from which we can solve u in the form
w=(I—-F) " (Kzo+ miu)
= - f)_l E (E_llzxo + 7T+ub)
= —F) " (Kzo+ Erju).
On the other hand, Figure 4.1 says that
U = Ewo + Fu+ Emiuy,

and this equation is equivalent to the one above. ]
The minimization problem considered in Theorem 4.4 leads to an inner coprime
factorization. If instead we use the different cost function

2 2
(4.3) Q1(zo,u) = 1Yl L2mr+v) + 1ull2 @m0y -

then we get a normalized coprime factorization.

COROLLARY 4.9. Let U = [£ B] be a jointly stabilizable and detectable well-posed
linear system on (U, H,Y). Let 2°P*(x¢), y°P*(x¢), and u®P*(xq) be the optimal state,
output, and control for the quadratic cost minimization problem described in Defini-
tion 3.1, but with the cost function Q(xo,u) replaced by the cost function Q1(xg,u) in
(4.3). If S =8* € L(U) and (N, M) is an S-normalized right coprime factorization
of D (in the sense of Definition 4.2), then there is a unique feedback map KC such that
K Fl=[K (I-M™)]isan admissible stabilizing state feedback pair for U and

TPt (t, x0) A (t) A(t) + BMT(t)K
yP(zo) | = | Co |mo= C+NK o
’U,Opt (l’o) ’CQ MIC

is equal to the state and output of the closed loop system U defined by

Ag B A+ BrMK BM
Uy = Co D = C+NK N
Ko Fo MK M-—1

with initial value xq, initial time zero, and zero input ux (see Figure 2.1). The feedback
map K is uniquely determined by the fact that C5 = C + NK € L(H; L*(R*;Y)),
Ko = MK € L(H; L2 (R*;U)), and

T+ N*Co + M*Ks) = 0.
Moreover, the Riccati operator of ¥ is given by
=CiCo+K5Ke = (C+NK) (C+NK)+ (MK)* (MK).
Proof. Apply Theorem 4.4 with W replaced by the augmented system
A B

=) 1)
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and use the fact that (N, M) is an S-normalized right coprime factorization of D
iff ([{;], M) is an (I, S)-inner right coprime factorization of [ 2 ]. Also observe
that the augmented system is always coercive. The net effect is that throughout one
replaces J by I, D by [P], N by [¥], C by [§], C, by [%], and Cg by [,g%] in
Theorem 4.4. a

Let us end this section with a discussion of the joint stabilizability and detectabil-
ity assumption in Theorem 4.4. This assumption was needed so that we could apply
[24, Theorem 4.4] and conclude that the preliminary feedback gives us a coprime
factorization of the input/output map. The optimal feedback given by Theorem 4.4
gives us another stabilizing feedback pair. However, we are not able to prove that
the optimal feedback pair and the original stabilizing output injection pair [E] are
jointly stabilizing (and we do not even expect this to be true in full generality). The
problem is that these two pairs need not have a well-defined interaction operator £.

By using the fact that the interaction operator £ is determined (modulo a static
part) by its Hankel operator KH, it is possible to construct £ (whenever such an
interaction operator exists). To do this we have to take a closer look at the proof of
Theorem 4.4. The critical step in the proof is the addition of the state feedback row
to the preliminary stabilized system ¥,. Let us redo this part of the proof, restoring
the omitted output injection column

H

g
&1

to the system Wq; i.e., let us start with the full system
A [H B]

\I]cxt: C g D
K ol& A

and close the state feedback loop to get the stable system

(A, [H, B
U, =G G D,
_ICbl v F bl

A+Br(1-F)"'K [ B(I-F) e B(I-FY)]
=llc+p(-F)"'k| |[6+D(1-F)"'e DUI-FH)
(I-FH) Kt (I-7FY"'e  (I-FY -1

To this system we want to add a new state feedback row [IC; &; Fy]. To see how
this row should be constructed we examine the feedback pair

[K:n fn] = [—5_17T+N*Jcb (I - X)}
that we used in the proof of Theorem 4.4. Since

X=MI-F) =S NINM (- FH)~!
= STIN*ID(I — FHY ™t = STIN*ID,,

this pair can be rewritten in the alternative form

Ky F]=[0 I]-S'[rN*JC, N*JD,],
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which gives us a clue to the correct definition of &.
LEMMA 4.10. Let U = [ B] be a stable well-posed linear system on (U, H,Y),
and let N* € TI(Y; Z) be anticausal. Define

K =mn,N"C, E=N"D.
(i) The map K satisfies
KA(t) = mp7(t)K, teRT,
and the Hankel operator of £ is given by
i €m_ = KB.

(ii) If € can be written as a sum € = E_ + E4, where both E_ and E4 belong to
TI(Y;Z) and &4 is causal and E_ anticausal, then

9 2]

is a stable well-posed linear system on (U, H,Y x Z).

(iii) Conwversely, if there exists some E; for which the system above is a stable well-
posed linear system on (U, H,Y X Z), then we get a splitting € = E_ + &4
of the type described above by defining E- = E — 4. This splitting is unique
modulo a static operator E.

Proof. (i) To compute K.A(t) we use the anticausality and time invariance of N'*

and part (iii) of [24, Definition 2.1] to get

KA(t) = m  N*CA(t)
=1 N mye7(t)C
=1 N*7(t)C
=m T(HN*C
=m 7(t) T N*C
= m.7(t)K.

Almost the same argument, but with part (iii) of [24, Definition 2.1] replaced by part
(iv), gives

m ém_ =m N*Dr_
=1 N1, Dr_
= N*CB
= KB.

(ii) This follows immediately from part (i) and [24, Definition 2.1] (the Hankel
operator of £_ is zero).

(iii) Clearly £_ is anticausal, since £ and &; have the same Hankel operator. The
uniqueness statement follows from [23, Lemma 6]. o

By applying this lemma to the crucial step in the proof of Theorem 4.4 (and using
[24, Lemma 3.5]) we get the following addition to Theorem 4.4.
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COROLLARY 4.11. Let [%] and & be the output injection pair and the inter-
action operator used in the proof of Theorem 4.4. Then the optimal state feedback
pair [K F| and the output injection pair [%] are jointly stabilizing iff N*JG, =
N*J(G + (I — FY)71&) can be split into a causal and an anticausal part that both
belong to TI(Y;U).

We shall not need this result here and leave the proof to the reader.

For completeness, let us also mention the following “dual” result, where one uses
an anticausal time-invariant operator to construct a new output injection pair for a
well-posed linear system. This result is needed in the solution to the “dual” quadratic
optimal filtering problem.

LEMMA 4.12. Let ¥ = [£ 5] be a stable well-posed linear system on (U, H,Y),
and let N* € TI(Z;U) be anticausal. Define

H=BN*r_, &=DN"
(i) The map H satisfies
A)H = Hr(t)7—, teRT,
and the Hankel operator of £ is given by
i €n_ =CH.

(ii) If € can be written as a sum € = E_ + £, where both E_ and £ belong to
TI(Z;U) and &+ is causal and E_ anticausal, then

[A [ B]}

c [+ D]

is a stable well-posed linear system on (Z x U, H,Y).

(iii) Conwversely, if there exists some E; for which the system above is a stable well-
posed linear system on (Z x U, H,Y), then we get a splitting € = E_ + &4
of the type described above by defining E- = E — E,. This splitting is unique
modulo a static operator E.

The proof of this lemma is very similar to the proof of Lemma 4.10, and we leave

it to the reader.

REMARK 4.13. Theorem 4.4 and Corollary 4.9 remain true in the case where we

minimize (y, Jy>L%(R+;Y) instead, where 3 € R is arbitrary. We must then throughout

replace the unweighted space L? by the weighted space L%. In particular, the notion
of an inner operator should be redefined so that it refers to the weighted space L%,
and the adjoints should be computed with respect to the inner product in the weighted
space L.

REMARK 4.14. The results of this section remain valid if throughout we replace
the algebra of time-invariant bounded linear operators from L?*(R;U) into L?*(R;Y)
by various subalgebras, for example, the algebra of convolution operators induced by
measures with finite total variation. The main exception is that spectral factoriza-
tions and inner-outer factorizations need not ezist in all subalgebras. In particular,
Theorem 4.4 remains valid. In the algebra studied in [18] spectral factorizations and
inner-outer factorizations do exist and the input/output maps can always be decom-
posed into causal and anticausal parts, as required by Lemmas 4.10 and 4.12.
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5. The optimal problem on a finite time interval. Our next goal is to
show that the Riccati operator in Theorem 4.4 satisfies an algebraic Riccati equation
involving the generating operators of the system W. Two such algebraic Riccati equa-
tions were given in [23], namely the open loop and the closed loop algebraic Riccati
equations. The derivation of the closed loop Riccati equation was based entirely on
the properties of the optimal closed loop system, and that argument remains valid
since the optimal closed loop system is stable. However, the open loop system can be
unstable, and in order to derive the open loop Riccati equation we have to study the
behavior of the optimal system on a finite time interval.

LEMMA 5.1. Make the same assumption and introduce the same notations as in
Theorem 4.4. Then, for all xo € H and all t > 0,

(5.1) 70,4 (D*Jm0,4Cos + T(—t) B ILAs(t)) = 0,
(5.2) 0,1 (N*Jmpo,4Co + T(—t)M*B*ILA(t)) = 0,
(5.3) CQJW[O 1Co + Ao( JMLA(t) = 11,
(5.4) C* Jio.0Co + A*(DITAs (1) = IL

Proof. Fix t > 0. Let us perform the minimization of the cost function Q(zg,u)
separately with respect to u; = 7y qu and ug = 7 o0)u. To do this we write Q(zo,u)
in the form

Qanv) = [ 9. Iu(shy ds+ [ " (s), Ty(s))y ds,

where y is the output of ¥ with initial time zero, initial value z(, and control u. Let
x be the corresponding state of ¥. Since

0,4y = W[O,t]cmo + 7r[07t]D7r[07t]u and Tt,00)Y = T(ft)cm(t) + 'D7T[t700)u,

we observe that the first term depends only on xy and u; and the second term only
on z(t) and ug. If we fix u; and minimize with respect to ug, then, because of the
time invariance of the problem, the minimum is equal to (z(t), ILz(t)) ;. Thus, we are
left with the problem of minimizing the cost function

(5.5) Q(zo,u) = /0 (y(s), Jy(s))y ds+ (x(t),Iz(t)) 4

with respect to uy, where 7oy is the function given above and z(t) = A(t)zo +
Br(t)u;. Differentiating (5.5) with respect to u; and setting the result to be zero we
get (5.1). That also (5.2) holds follows from the time invariance and anticausality of
M* and the fact that M*D* = N'*.

By replacing y and z in (5.5) by y°P*(zo) and z°P*(zo) we find that

t
(o, o)y = / <y°pt(gco,s)7 Jy‘)pt(xo,s»y ds + <x°pt(t,x0)7ﬂx°pt(t,x0)>y,
0

from which (5.3) follows since y°P*(zg) = Coxo and x°P*(t,29) = Ax(t)zo. This
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Fic. 5.1. Primal-dual connection with primal feedback.
combined with (5.1) implies that for all zyp and zy in H,

(z1,1x0) o :/0 ((Coz1)(s), J(Como)(s))y ds + (As(t)z1, ILAG(t)zo) g

:/O ((Cxr +DuOPt(xl))(s),Jy"pt(a:o,s)>y ds

+ (A(t)zy + Br(t)u (1), Tz (20, 1))

- / (C21)(s), TCo0(s))y ds + (AE)z1, Ao (E)30) 1

which gives us (5.4). 0

We remark that Lemma 5.1 has been proved independently by Hans Zwart [35]
under weaker assumptions.

The preceding lemma can be interpreted as a result concerning the state and
output of the adjoint system U* if we use the state z multiplied by II and the output
y multiplied by J of the original system as initial value and control for .

COROLLARY 5.2. Make the same assumption and introduce the same notations as
in Theorem 4.4. Let x°P*(x0) and y°P*(xq) denote the optimal state and optimal output
in the quadratic cost minimization problem for U, and let x* and u* denote the state
and output of the adjoint system W* with initial time t > 0, initial value Tz°PY (¢, zg),
and control y°P*(xq) (see Figure 5.1 with us = 0). Then x*(s) = HxP* (0, s) for all
s € [0,t] and o qu* = 0. The same formulae are true if instead x* and u* denote
the state and output of the optimal adjoint system Vs with initial time t > 0, initial
value TIx®P* (¢, xq), and control y°P*(xq).

Proof. Fix 0 < s < t. By the definition of the state of the adjoint system ¥U*, we
have

z*(s) = A*(t — s)Ma°P(t, wo) + C* J7(8) 7[5 y°P" (20)
= (A*(t — $)ILAx(t — 5) + C*JT(8) 75,4y T(—5)Ces ) 2°P* (w0, 5)
= (A*(t — $)ITAx(t — 5) + C* T 4—5C5 ) 2 (20, 5)
= Iz°P* (0, 5),

where the last equality follows from (5.4). The same computation is valid if we replace
U* by W,
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The restriction of the output of ¥* to [0,¢] is given by
To,qu’ = o4 (T(—t)B Iz (¢, o) + D* I,y (20))

and this is zero according to (5.1). To prove the same result with U* replaced by the
optimal closed loop adjoint system W we argue in the same way, but replace (5.1)
by (5.2). d

REMARK 5.3. A similar result is true for nonzero inputs uc to the primal and
Sug to the dual system (see Figure 5.1). This follows from Corollary 5.7 below, since
the connection in Figure 5.3 becomes identical to the one in Figure 5.1 if we replace
u n Figure 5.3 by us + 2.

Up to now we have in this section made only marginal use of Theorem 4.4, but
the remaining results depend heavily on the characterization of the optimal feedback
pair given in that theorem. We begin with the following key lemma.

LEMMA 5.4. Make the same assumption and introduce the same notations as in
Theorem 4.4. Then, for allt > 0,

7r+T(ft)B(*>HBQT(t)7T+ + 7T[07t]D8J7T[07t]D07T[07ﬂ = Sﬂ'[oﬂ.

Proof. To prove this we compute, using the facts that Il = C5JCs and 7y Dym_ =
7T+./\/7T_ = CoBo,
T 7(=)BSIBs 7 ()74 4 70,0 D5 I 0,1 Py o4
= 7T+T(—t)BSC5 JC BT (t)ms + 7T[07t]'D6J7T[07t]'DQ7T[O7t]
= Mo, g7 (=) T N*Jn Nr_71(t)my + 70,4/ D5 70, D50, -

The combination of operators in the first term on the last row satisfies

T NT_1(t)my = Ty N7(t)m0 4
= 7T+T(t)./\/7r[07t]
= T(t)7[t,00)N T0,4),

so we can continue the computation above as (recalling that N*JA = 9)

7T+T(—t)BSHBQT(t)7T+ + W[O,t]DSJW[O,t]DOW[O,t]
= T(0,0N " I T[t,00) T (=) T () (2,00} N T(0.6) + 70,6 D I (0, D5 (0,1]
= 7'('[0’,5]./\/* Jﬂ[t,oo)Nﬂ'[O,t] + W[O,t]N* JW[O,t]NT"[O,t]
=m0, g N N7 4
= S04,
from which the claim follows. |

LEMMA 5.5. Make the same assumption and introduce the same notations as in
Theorem 4.4. Then, for allt > 0,

(5.6) S?T[07t]]C = —To,4] (J\/*JW[07t]C + T(ft)M*B*H.A(t))
= _71'[07,5] (D(*)J,]T[O,t]c + T(—t)BBHA(t)) s
(5.7) Smio,gM 'y = o, (NI 7, D + 7(—t) M*B*TIBT(t)) mo

= To,¢] ('DSJW[(M]’D + T(—t)BSHBT(t)) T0,4]
(58) = A (OILA() + C* T 4 — XS0 K.
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Fic. 5.2. Primal-dual connection with dual feedback.

Proof. Since y°P*(x9) = (C + D K)zo and x°P*(zg,t) = (A(t) + Bo7(t)K), we get
from (5.2) and Lemma 5.4

0 = 7o,y D Jﬂ'[O’ﬂyOpt (xo) + ﬂ'{oyt]T(—t)BSHIL‘Opt (z0,t)
= W[O,t]DSJW[O,t] (C + DQK) X0
+ 70,07 (=) BEIL(A(t) + Bo7()K) 2o
= 70,4 DG Jm10,0C0 + 70,07 (=) BEILA(t) a0
+ 70,4 D5 I 0,y Do Ko
+ 70, T(—= 1) BSIIB 7 () Ko
= 0,4 Dis I m(0,9Cx0 + o, T(—1) BSILA(E) 20
+ T0,t] S’Cl‘o.
This is (5.6).
The proof of (5.7) is very similar, and we leave it to the reader.
The identity (5.8) follows from (5.4) and (5.6) since they give

II= .A*o(t)H.A(t) + Cé]ﬂ[o,t]c
= (1) + KPMOT(—OB TLA() + (€ + KA ) g
= A" ()ILA(t) + C*Jﬂ'[oyt]c — K:*Sﬂ'[o,t]lc. a

Lemma 5.5 can be used to derive the following result.

COROLLARY 5.6. Make the same assumption and introduce the same notations
as in Theorem 4.4. Let x and y denote the state and output of ¥ with initial time zero,
initial state xg, and control u, and let x* and u* denote the state and output of the
closed loop optimal adjoint system Vs with initial time t > 0, initial value I1x(t), and
control Jy (see Figure 5.2). Then x*(s) = Ilx(s) for all s € [0,t] and u* is given by

F[Oﬁt]u* = —Sﬂ'[o’t] (ICQ?O - (I - ]—')W[O’t]u) .

Thus, apart from the factor —S and the different feed-through term, this is the same
signal that is produced by the optimal state feedback output of W.

We leave the proof of this corollary to the reader since it is essentially the same
as the proof of Corollary 5.2, with Lemma 5.1 replaced by Lemma 5.5.

It is possible to reformulate the preceding result in a way that does not involve
any feedback, only feed-forward.
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Fi1c. 5.3. Feed-forward primal-dual connection.

COROLLARY 5.7. Make the same assumption and introduce the same notations
as in Theorem 4.4. Let x, y, and z denote the state, the output, and the state feedback
output of ¥ with initial time zero, initial state xg, and control u, and let x* and u*
denote the state and output of the adjoint system VU* with initial time t > 0, initial
value TLx(t), control Jy, and output injection signal S(u — z) (see Figure 5.3). Then
x*(s) = xz(s) for all s € [0,t] and u* is given by

ﬂ[oﬁt]u* = —Sﬂ'[o’t] (ICQ?O — (I — f)ﬂ[oﬁt]u) .

Proof. This follows from Corollary 5.6, which tells us that all the input signals
(and initial states) in Figures 5.2 and 5.3 are identical; hence the outputs are also
identical. a

6. The algebraic Riccati equation. With the aid of the formulae in the pre-
ceding section we can repeat the computations in [23, Sections 9 and 10] with the
following results. (We refer the reader to [2], [23, Sections 7 and 8|, and [29] for
discussions on the generating operators of well-posed linear systems.)

THEOREM 6.1. Make the same assumptions and introduce the same notations as
in Theorem 4.4. Extend the system W into
A B

L [

by adding the optimal state feedback pair (IC,F). Let

As  Bs A+BrMK  BM
Kol |Fs MK M-—1

be the optimal closed loop system given by Theorem 4.4. Denote the generating oper-
ators of U and V5 by the same letters as the corresponding operators [23, Sections 7
and 8.
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(i) The Riccati operator I1 of W satisfies the Lyapunov equations

<ACE0,H.T1>H + <$07HA$1>H = — <Ca)‘0, JC.’E1>Y + <K.T0, SK$1>U
xo,x1 € dom(A),
<A$0,HSE1>H + <I0,HAQJC1>H = — <C{130, JCOI1>Y ,
xg € dom(A), 1z € dom(Ap),
<AQ.’L’0,H£L’1>H + <.’1?07HAQ.T1>H = — <Co$0, JCQ$1>Y R
Zo, 21 € dom(As).

(ii) The Lyapunov equations in (i) can be rewritten in the form

MAx = — (A"TI+ C*JC — K*SK) x
— (A5IT+ CHJC) w, x € dom(A),
Hon =—(A'II+ C*"JCy) x
— (ASII+ CHJICy) z, z € dom(Ap).

(iii) In addition, suppose that the extended system U is regular together with its
adjoint [28, Theorem 5.8]. Denote the feed-through operators with the same
letters as their corresponding input/output maps [23, Sections 7 and 8|, and let
an over-line denote the strong Weiss extension of an observation map (see [23,
Proposition 36], for ezample, Cx = limy_.o, Cxz, where Cy = A\C(A — A)~!
is the “Yosida approzimation” of C'). Then

A A+ BMEK

) B[ 1)

where the equation for B should be interpreted as By = M*B".
(iv) In the regular case (iii) above, the operator B*II satisfies the equations

SKx = —-M*(B*Il+ D*JC)x, z € dom(A),
0= (B*U+ D*JCx)x, =€ dom(Agy).
(v) In the regular case (iil) above, the Riccati operator Il satisfies the algebraic
Riccati equation
<A$0, Hl‘1>H + <l‘0, HA1‘1>H + <C$0, JC1‘1>Y
= (M* (BTl + D*JC) x9, S'M* (B*'Il 4+ D*JC) z1),, ,
Zo, 21 € dom(A).

In particular, if M = 1,° then

(Aa’,‘(),HSL’1>H + <£L’0,HALU1>H + <C.’L‘0, JCLL'1>Y
= ((B*'Il+ D*JC)zo,S~" (B I+ D*JC) z1),,
xo, 1 € dom(A).

9This means that the feed-through operator of F is taken to be zero; i.e., there is “no feed-forward
term inside the feedback loop.” See the discussion after [23, Theorem 27].
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Proof. (i) Take z¢ and 2 in the indicated domains, apply (5.3), (5.4), or (5.8)
to x1, take the inner product with xg, differentiate with respect to t, and substitute
t=0.

(ii) This follows from (i).

iii) These formulae are found in [23, Sections 7 and 8] and proved in [29].

iv) Let x = Axg and y = Cxo denote the state and output of ¥ with initial
time zero, initial state xg, and zero control u. Referring to Corollary 5.6, we let
z* = Ilr and v* = —SKx( be the state and output of the optimal adjoint system Wy
with initial time ¢ > 0, initial value Ilz(¢), and control Jy (restricted to the interval
[0,%]). Take z9 € dom(A). Then all the inputs and outputs belong to W2([0,t]),
x(t) € dom(A), and, for all s € [0, ],

o~ o~

y(s) = Ca(s),  u'(s) = —SKa(s)

(the proofs of these claims are analogous to the proofs of [23, Propositions 29 and 36]).
By part (ii), the initial values of the state z*(¢) = Hx(¢) and control Jy(t) = JCx(¢)
satisfy

ALz (t) + O Jy(t) = (ASTL+ C5JC)a(t) = TAx(t) € H.

Thus, by [23, Proposition 36(ii)], the output u* of W is related to the input y and
the state z* through the formula

u”(s) = Bisa™(s) + D5 Jy(s),
which combined with (iii) gives us
—SKuz(s) = u*(s) = M*B*llz(s) + N*JCxz(s) = M*(B*IL + D*JC)xz(s).

Taking s = 0 we get the first formula in (iv). We get the second formula by replacing
Corollary 5.6 by Corollary 5.2.
(v) Combine (i) and (iv). O

7. Computation of the sensitivity operator. Looking at the different for-
mulae involving B*II in part (iv) of Theorem 6.1, a natural question to ask is whether
it is possible to compute B*Ilx for all z in the Hilbert space Wp defined in [23,
Section 7]. This is the space of all possible initial values z( satisfying the equation
Azg+ Bug € H for some ug € U [23, Lemma 32]. It is invariant in the sense that the
controlled state z(t) of ¥ stays in Wp under the action of a control u in W12(R™;U),
provided the initial values zy and ug = u(0) satisfy Azg + Bug € H [23, Remark 34].
Moreover, it contains both the domains dom(A) and dom(A-); in fact, it contains
all the domains of the generators of any state feedback perturbed version of A [23,
Proposition 37]. Another related question is whether it is possible to write all the dif-
ferent Lyapunov equations given in part (ii) of Theorem 6.1 into one common form.
A third related question concerns the crucial sensitivity operator S appearing in The-
orem 6.1: is it possible to give a formula for this operator in terms of the original
data and the Riccati operator II?7 The answers to all these questions are affirmative,
as can be shown with the aid of Corollary 5.7.

THEOREM 7.1. Make the same assumptions and introduce the same motations
as in Theorem 4.4. Denote the generating operators of W by the same letters as the
corresponding operators [23, Section 7], and let D and F be the transfer functions of
D and F [24, Lemma 2.9]. Let xy € H and ug € U satisfy Axg + Bug € H.
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If a € C has real part bigger than the growth rate of W, then the vectors
Yo €Y and wy € U defined by'®

(7.1) yo = Clal — A)"Yamy — Azg — Bug) + D(a)uo,
(72)  wy=—K(al — A~ azg — Azg — Bug) + (I — F(a))ug

are independent of a. Moreover,
(73) A*Tlzg + O*Jy() + K*Swg = 11 (AQ?O + BUQ) € H,
and, for all B € C with real part bigger than the growth rate of W,

(7.4)
(I - F(B))*Swo = B*(BI — A*) M L(Bxo + Axo + Buo) + (D(5))* Jyo.

In particular, II maps the space Wy defined in [23, Section 7] continuously
into the space Vi, 1y defined in [23, Proposition 39].
If U is regular, then (7.1) and (7.2) can be written in the alternative forms

(75) Yo = 6:1?0 + Duy,
(76) wo = —?3’50 + (I - F)U() = —Fxo + Xuyg,

which substituted into (7.3) gives

(7.7) (AT + C*JC — K*SK)x + I(Azg + Bug)
= —(C*JD + K*SX)uy.

If O* is regular, then (7.4) can be written in the alternative form

(7.8) (I — F*)Swy = X*Swy = B*Uxg + D* Jyo.

If both U and U* are regular, then (7.5) and (7.6) combined with (7.8) give
(7.9) (B*TL+ D*JC + X*SK)xg = (X*SX — D*JD)uy.

In particular, if X = I (i.e., F' =0 and there is “no feed-forward term inside
the feedback loop”), then

(B*II 4 D*JC + SK) ¢ = (S — D*JD)uo.

A special case of the last formula is found in [18, Formula (60)]. (The setting in
[18] is different, and that formula is actually valid in a much larger (Banach) space
than Wp.)

Proof. (i) Take some xg € H and ug € U satisfying Axg+ Bug € H. Choose some
u € WH2([0,¢]; U) with u(0) = ug. Consider the connection described in Corollary 5.7.
As in that corollary, we let © = Axg+ Brrniu, y = Cxg+Dryu, and z = Kxg+ Friu
denote the state, the output, and the state feedback output of ¥ with initial time
zero, initial state xg, and control u. Furthermore, let w = (u — z). Then, by [23,
Proposition 29], all the inputs and and outputs of the extended primal system ¥

10For notational simplicity we have in this theorem replaced u¢y in Figure 5.3 by w. It represents

the input to the optimal closed loop system; cf. Figure 5.1.
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belong to W2([0,t]) and the state x is continuously differentiable in H. It follows
from, for example, [16, Formula (2.1;2)] combined with [23, Proposition 29] that (7.1)
and (7.2) hold with zg, g, Yo, and wg replaced by x(t), u(t), u(t), and w(t) for all
t > 0. In particular, defining yo = y(0) and wy = w(0) we get (7.1) and (7.2).

Let us continue with a discussion of the dual system ¥* in Corollary 5.7. We
fix some ¢ > 0 and let z*(s) = A*(t — s)[lx(t) + C*J7(s)m(o,qy + K*S7(s)m0,qw,
0 < s < t, be the state and u* = 7(—t)B*Ilz(t) + D*Jmy gy + F*S7pqw be the
output of U* with initial time ¢ > 0, initial value Ixz(¢), control Jy, and output
injection signal Sw (throughout restricting all the functions to the interval [0,¢]).
According to Corollary 5.7, z* = Ilz and v* = Sw. The former equation implies that
x* is continuously differentiable in H (since x is continuously differentiable in H). The
derivative of x is ' = Az 4+ Bu (see [23, Proposition 29]), and the derivative of z* is
(x*) = —A*z* — C*Jy — K*Sw (this equation is always true in the larger space W*
defined in [23, Section 7], but this time we know that the derivative actually belongs
to the smaller space H). Equating the derivative of z* with the derivative of Iz we
get (7.3). Equation (7.4) is derived in the same way as equations (7.1) and (7.2) were
derived above, except that we also have to use the additional fact that u* = Sw (and
we have used (7.3) to slightly simplify the result).

(ii) If ¥ is regular, then (7.5) and (7.6) are the limits of (7.1) and (7.2) as @ — oo.

(iil) If U* is regular, then (7.8) is the limit of (7.4) as 8 — oo.

(iv) This is immediate. O

The preceding theorem provides us with the following formula, among others, for
the sensitivity operator S.

COROLLARY 7.2. In the case where both the extended system ¥ and its adjoint
are regular and X = I'' the following additional claims are true:

(i) For all ug € U, we have

Sug = D*JDug + lim B*T(al — A)~*Buy.

a— 00

In particular, S = D*JD iff the limit above is zero for all ug € U.
(ii) If for some ug € U it is true that Bug € H, then

SUO = D*JDUO.
(iii) If S = D*JD, then, for all zy € Wp,
Kxg=—S Y (B*Il + D*JC) .

Proof. To prove part (i) it suffices to apply (7.9) with zg = (af — A)~!Bug, let
a — oo, and use the regularity of the system. Part (ii) follows directly from (7.9)
with g = 0. The final claim is obvious (see (7.9)). O

REMARK 7.3. As we shall prove elsewhere [25], the difference S—D*JD is positive
(negative) definite whenever I1 is positive (negative) definite on the reachable subspace.
(The proof is a fairly straightforward application of Lemma 5.4.) This is related to the
fact that the factorization is (J, S)-lossless iff I is positive on the reachable subspace.

8. Applications: The bounded and positive real lemmas. By applying
the preceding theory we can derive the first available versions of the strict bounded
and positive (real) lemmas for general well-posed linear systems.

11'We lose no generality by assuming that X = I; see Proposition 4.7.
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In the positive real lemma and the bounded real lemma we need a cost function
containing both the output y and the control u. For this reason we do in the same
way as in Corollary 4.9 and adjoin a copy of the control to the output; i.e., we study
the augmented system

A B
=i 7

By replacing the identity cost operator in Corollary 4.9 by a more general cost operator
J defined on U x Y, we get the following result.

COROLLARY 8.1. Let J = J* =[¢ LEle LY xU), let S =S* € L(U), S >0,
and let U = [é‘ g] be a jointly stabilizable and detectable well-posed linear system on
(U H,Y).

(i) The extended system W,ue in (8.1) is J-coercive iff D has a right coprime

factorization (N, M) for which [ ;] is (J,S)-inner.

(i) Assuming J-coercivity, let z°P*(zq), y°P*(zo), and u°P*(zo) be the optimal
state, output, and control for the quadratic cost minimization problem de-
scribed in Definition 3.1, but with the original system U replaced by the ex-
tended system Waoue. Let (N, M) be a right coprime factorization of D of
the type described in (1). Then there is a unique feedback map K such that
K Fl=[K (I—-M1)] is an admissible stabilizing state feedback pair for

¥ and
zOPY(t, ) A (t) A(t) + BMr(t)K
yPzg) | = | Co | a0= C+NK 2
u®Pt(zq) Ko MK

is equal to the state and output of the closed loop system ¥ defined by

As By A+BrMK  BM
Us=|[Cs| [Do]| =] [C+NK N
) Fo MK M1

with initial value xq, initial time zero, and zero input uc (see Figure 2.1).
The feedback map K is uniquely determined by the fact that C =C + NK €
L(H; L2(RM;Y)), Ko = MK € L(H; L2 (R*;U)), and

N M [,%; } 0.

Moreover, the Riccati operator of W is given by

* * C

(iii) If U is stable, then

K=-S"try [N* M*]J m =-S7lr, (N*Q+ M*L)C

and

I =C*QC — K*SK.
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(iv) In the case where the extended system U is regular together with its adjoint
the formulae connecting K and II in Theorem 6.1(iv)—(v) become (with the
normalization M = I)

Kzg=—S"'(B*II+ (D*Q + L*)C)x,
<A$0,HI1>H —+ <I’0, HAJJ1>H =+ <O£C0, QC:Z?1>Y = <K1‘0, SKI1>U,
xo, 1 € dom(A)

and the sensitivity operator S is given by the strong limit (for each fixed
ug € U)

Sug = [D* I] J [?] ug 4+ lim B*TI(al — A)™! Buy.

a— 00

Proof. Part (i) follows from Lemma 4.3(ii). Part (ii) follows from Theorem 4.4 in
the same way as Corollary 4.9 does. Part (iii) follows from Theorem 2.6. Part (iv)
follows from Theorem 6.1 and Corollary 7.2(i). O

From this result we can obtain a factorization version of the strict bounded (real)
lemma as follows: We let U be stable and choose J to be

-1 0
/= [0 721]’

where v is a real constant. Then the extended system is J-coercive iff the input/output
map D satisfies

(82) IDllrrcwy) <
Thus, Corollary 8.1 applies iff (8.2) holds. In this case the formulae in Corollary
8.1(ii)—(iii) become
D=NM1, VMM —~N*N =8,
K=S8"1'r,N*C, V2 MKy = my N*Cos,
Cs| _|C N _|C N o1 X
o) = i) [ o= o]« [ smve
II= PyQICBICo —CCy = —C* (I +NS_17T+N*) C.
The connecting and Lyapunov equations in Corollary 8.1(iv) become (for zy and
21 € dom(A))
Kzog=—-S~' (B*Il — D*C) xy,
<A£L’0,HZ’1>H + <(E0, HA$1>H = <C£L’0, C.’E1>Y + <K(E0, SK.’E1>U .

Observe that the parameter v enters these equations only through the sensitivity
operator S, which is given by the strong limit (for each fixed ug € U)

Sug = (v*I — D*D) ug + lim B*I(al — A)~'Bug.

We remark that in our setting II is negative definite; to get the standard setting where
IT is positive [12, Theorem 3.7.1], we must replace J by —J and maximize instead of
minimize. This will replace S by —S and IT by —II.
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The strictly positive (real) lemma is a statement about a stable system ¥ = [4 B]
on (U, H,U) (i.e., the output space of this system is equal to its input space). The
input/output map D of ¥ is strictly positive iff

/R+ (Drrw)(s), u($))y + (uls), (Dryu)(s)y) ds = lull 7z gm0

for all w € L2(R*;U) and some € > 0. Clearly, D is strictly positive iff the extended
system W,,g is J-coercive with respect to the operator

-0l

Thus, Corollary 8.1 applies with this J iff D is strictly positive. The formulae of
Corollary 8.1(ii)—(iii) become in this case

D=NM", MN +N* M =S8,
K= —Sil’iTJrM*C, T+ (M*CQ "‘N*ICQ) = 0,

cs] el [N (€] [N aor o0
2] = o]+ [ = [e] - [ s
= K5Co + C Ko = —K*SK = —C*MS ™'y M*C.

The connecting and Lyapunov equations in Corollary 8.1(iv) become (for zy and
x1 € dom(A))

Kxg = -5 1 (E*H + C) xg,
<A$07H$1>H + <I0,HA£E1>H = <K§C0, SKSC1>U

and the sensitivity operator S is given by the strong limit (for each fixed ug € U)

Sug = (D + D*)up + lim B*TI(al — A)~!Buy.

a— 00
Again II is negative; to get a positive II we should change the sign of J and maximize
instead of minimize [12, Problem 3.25].

In the Pritchard-Salamon case the applications to the bounded and positive (real)
lemmas that we have presented above are found in [31, Remark 4.34].
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