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SUMMARY

This is a continuation of previous work where we developed a discrete time-invariant linear state/signal
systems theory in a general setting. In this article, the state space is required to be a Hilbert space, as earlier,
but the signal space is taken to be a Krein space. The notion of the adjoint of a given state/signal system is
introduced and exploited throughout the paper, and in particular, in the definition and the study of passive
and conservative state/signal systems, which is the main subject of this paper. It is shown that each
fundamental decomposition of the Krein signal space is admissible for a passive state/signal system,
meaning that there is a corresponding input/state/output representation of the system, a so-called
scattering representation. The connection between different scattering representations and their scattering
matrices (i.e. transfer functions) is explained. We show that every passive state/signal system has a minimal
conservative orthogonal dilation and minimal passive orthogonal compressions. Passive signal behaviours
are defined, and their passive, conservative, and H-passive realizations are studied. It is shown that the set
of all positive self-adjoint operators H (which need not be bounded or have a bounded inverse) for which a
state/signal system X is H-passive coincides with the set of generalized positive solutions H of the Kalman—
Yakubovich-Popov inequality for an arbitrary scattering representation of X, and consequently, this set
does not depend on the particular representation. Under an extra minimality assumption this set contains a
minimal solution which defines the available storage, and a maximal solution which defines the required
supply. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

It is a great pleasure for the authors to dedicate the present work to Vladimir Andreevich
Yakubovich, the founder of the absolute stability theory through the conception of the theory of
passive systems.® During the last 40 years the absolute stability theory has developed intensively
within pure and applied control theory. The classical results by Kalman, Yakubovich, and
Popov in this area are now so well known that they are typically regarded as ‘folklore’, and
consequently, exact references to the original publications are often not included.

Our present contribution to the passive systems theory, i.e. the introduction of the class of
discrete time passive linear state/signal systems, extends the classical theory in the respect that
we do not distinguish between inputs and outputs of a system; they are both considered as parts
of the signal component of the system. The same feature is found in the behavioural theory
developed by Willems, which like the absolute stability theory has had a great impact on
modern control theory. However, passivity considerations force us to always include an explicit
state component in the system which is usually either missing or only implicit in the behavioural
theory. It is the inclusion of this state component that makes it possible to obtain a natural
input/output-free mathematical model of a passive linear infinite-dimensional system that
interchanges energy with the surroundings, thereby making it possible to extend the absolute
stability theory into a behavioural state/signal framework.

Our findings can be roughly summarized as follows (exact definitions and details will be given
later in this article). Let £ be a minimal state/signal system with a passive behaviour. Then the
signal space #" of X can always be split into an input space % and an output space % in such a
way that we get an input/state/output representation X;/;/, of X of the classical scattering type.
Here the word ‘scattering’ means that the supply rate which describes the exchange of energy
between the system and the surroundings is given by j(u, y) = ||u||§, — |y fy, where u is the input
and y is the output. In other words, the amount of energy flowing into the system is
proportional to ||u||§,, and the amount of energy flowing out of the system is proportional to
I y||§y. The passivity of the behaviour of the system guarantees that the map from the input to the
output is contractive in the ¢>-norm, and hence the generalized Kalman—Yakubovich-Popov
(KYP) inequality (of scattering type) for X; s/, has a non-empty set of solutions. Each solution is
a positive self-adjoint operator in the state space, but it may be unbounded and have an
unbounded inverse. Indeed, in the infinite-dimensional setting the boundedness or unbounded-
ness of these solutions and their inverses depend in a crucial way on the original choice of state
space.” However, the scattering representation mentioned above is not unique, and there also
exist other input/state/output representations of X which are not of scattering type. In the state/
signal setting the supply rate corresponds to an indefinite inner product in the signal space #".
Depending on how the signal space is split into an input space % and an output space % we get
representations of the supply rate of the state/signal system X that look different from the
scattering rate j(u, y) = ||u 2,, — ||y||3y. The two most commonly studied cases, in addition to the
scattering rate mentioned above, are the impedance and transmission supply rates. The

SIn particular, the first author remembers with great affection the moral support by V. A. Yakubovich and the research
initiated by him, which resulted in the joint publication [1] at the difficult time of the first author’s unsuccessful attempt
to defend a doctoral thesis in the partially anti-semitic atmosphere of that time.

In Reference [2] an example is given based on the heat equation where all solutions of the continuous time version of the
generalized KYP inequality are unbounded and have an unbounded inverse.
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PASSIVE DISCRETE TIME STATE/SIGNAL SYSTEMS

coefficients of the different input/state/output representations s/, of X (i.e. the main operator,
the control operator, the observation operator, and the feed-through operator) vary with the
decomposition, and so do the coefficients defining the supply rate of X as a quadratic function of
the input and output (so that in one representation it may be of impedance type and in another
of transmission type), but the set of solutions of the generalized KYP inequality always stays the
same. This provides us with a general tool to convert known results for scattering systems (for
example, those from the Yakubovich school) into analogous results for impedance and transmission
systems, and the other way around. See Remark 9.14 for details.

Infinite-dimensional systems theory tends to be technically rather complicated, especially in
the case of a continuous time variable. A natural starting point is therefore to begin with the
discrete time theory, as we have done here, although the ultimate goal is to develop an
analogous theory for continuous time system that can be applied to boundary control systems of
hyperbolic or parabolic type. By using the internal Cayley transform one can transform many of
the results presented here to a continuous time setting. We plan to return to this elsewhere.

The general ‘topological’ part of the linear time-invariant state/signal systems theory in
discrete time was introduced and studied in Reference [3], which we in the sequel refer to as ‘Part
I’. There we throughout took both the state space 2 and the signal space #" to be Hilbert
spaces. Here we still take the state space # to be Hilbert space (i.e. at the moment we only
consider systems whose ‘internal energy’ is non-negative), but in order for our passive state/
signal systems to be extensions of classical passive input/state/output systems we are forced to
use an indefinite inner product in the signal space #~, corresponding to the desired supply rate.
Thus, in this article %~ will be a Krein space instead of a Hilbert space. As we mentioned above,
in Part I we took both # and #" to be Hilbert spaces. However, we did not make any explicit
use of the inner products in Z and #"; the only Hilbert space property that we used was that in a
Hilbert space every closed subspace is complemented. The same statement is true in a Krein
space, so the theory in Part I applies directly to the present situation where Z is a Hilbert space
and 7 is a Krein spaces (as well as to the even more general case where both 2" and #~ are
allowed to be Krein spaces).

After this general discussion, let us now turn to details. The trajectory (x(-), w(:)) of a state/
signal system consists of a state sequence x(n) € Z and a signal sequence w(n) € #', n e Z" that
satisfy the system of equations

x(n)
w(n)

x(n+1)=F

], neZ”*
(D

x(0) = xo

where F is a bounded linear operator with closed domain Z(F) in the product space [;] and
range #(F) < Z. The domain of F has the property that for every x € Z there is at least one
w € ¥ such that m € 2(F). This property guarantees that for every xo € # there exists at least
one trajectory (x(), w(-)) of the system with initial state x(0) = xy. The above properties of F and

Z(F ) are equivalent to properties (i)—(iv) of the graph V' of F in the product space
x
K= %
W
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listed at the beginning of Section 3. An equivalent way of writing (1) is

x(n+1)
x(n) | eV, neZ", x(0)=x 2
w(n)

By a state/signal node we mean a colligation £ = (V; Z'; #") satisfying properties (i)—(iv) (so that
V' is the graph of an operator F of the type described above). By a linear discrete time-invariant
state/signal system we understand a state/signal node together with the set of all trajectories
(x(),w()) on Z*, and we use the same notation X = (V; %, #") for both the node and the
system.

A state/signal system X = (V; Z, #") with a Hilbert state space 2 and a Krein signal space #~
is called forward passive (or forward conservative) if all trajectories (x(-), w(-)) of X satisfy the
inequality'

Ix(n + DI — [IX@)I[5 <[w(n), wm)],-, neZ* (3)
(or |Ix(n + D13 — lIx()|13 = [w(n), w(n)],-, neZ", respectively) 4)

It is easy to give an energy interpretation of (3) and (4): at each time n the final energy
||x(n + 1)||§[ is no bigger than (or equal to, respectively) the initial energy ||x(n)||§[ plus the energy
which has been absorbed from the surrounding signal space. It is also easy to check that forward
passivity (or forward conservativity) is equivalent to the following properties of V:

z
AR A I+ Dol =0, |x| eV (5)
w
z
or — ||z||fl~ + ||x||§n + [w,w], =0, x| €V, respectively (6)
w

This makes it natural to introduce an indefinite inner product <-,-> in & by the formula

/ /

z z z z
X1, X = _(Zs Z/)(%" + (xs x/)FI' + [Wa wl]’ﬂ/"'! X, X' el (7)
w wlla w w

-
With this inner product & = —Z[HZ[+H]W = [ j} becomes a Krein space. The forward

passivity property (5) (or forward conservativity property (6)) mean that V" is a non-negative (or
neutral, respectively) subspace of K.

I'The more general setting of Yakubovich where the internal energy is given by a positive quadratic form instead of the
square of the norm in the state space is discussed in Section 9.
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Above we have defined what we mean by forward passivity or conservativity. The
corresponding backward notions are defined by means of the adjoint state/signal system X, =
Vo Z,w,) of X. Here %, = — (i.e. the same space, but with the inner product
[y =L, 1y-), and V', is a subspace of

-

which in a certain sense is the annihilator of V. This construction is explained in detail in Section 4.

A system X = (V; X, W) is backward passive or backward conservative if the adjoint system
X, =WV, &, ,)is forward passive or forward conservative, respectively. Finally, Z is passive
or conservative if it is both forward and backward passive or conservative, respectively.
Equivalently, a system X = (V; 2, #") is passive if and only if V' is maximally non-negative, and it
is conservative if and only if V' is Lagrangean.

As we can see from the discussion above, in this work we make extensive use of the geometry
of a Krein space. For the convenience of the reader we have gathered in Section 2 the basic
results on Krein spaces that we need. Section 3 is a short overview of the material in Part I,
adapted to the case where the signal space is a Krein space, followed by a more detailed
discussion of pseudo-similarity than what is found in Part 1. In particular, we recall the three
basic types of representations of a state/signal system, namely driving variable, output nulling,
and input/state/output representations.

As we mentioned earlier, Section 4 is devoted to duality theory. Here we also introduce the
adjoint of a given behaviour.

The notion of passivity and conservativity of state/signal systems that we described briefly
above is introduced in Section 5. We shall see that if £ = (V;Z,#") is passive, then every
fundamental decomposition % = —% _[+]# , is an admissible input/output decomposition of
" if we take the input and output space to be the Hilbert spaces % = # . and % = W _,
respectively. This means that ¥ has a corresponding input/state/output representation
Zifsjo = ([”C1 g];%’, W, W ), called a scattering representation. The trajectories (x(-), u(:), y(-))
of Zj/s/ are defined by the system of equations

x(n+ 1) = Ax(n) + Bu(n)
y(n) = Cx(n) + Du(n)
(®)
w(n) = y(n) +u(n), neZ"
x(0) = xg

This representation is a linear discrete time-invariant passive scattering system, i.e. the
trajectories satisfy

2 2 2 2
llx(z + DIZ + [yl <IIx@|l + lu@lly, neZ* )
Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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where

llu(m)ll3, = (uln), u(n))y = [u(n), u(m)l,-

@I = (@), 1)y = —[(n), ¥,

If, in addition, X is forward conservative, then
T O = IxOOI + lluG)l,  neZ* (10)

Clearly, these two conditions correspond to the forward passivity inequality (3) and forward
conservativity equality (4). We remark that in the case of an input/state/output system already
the forward inequality (9) is sufficient to imply also backward passivity.

As we have seen above, from each passive state/signal system X we get infinitely many passive
scattering representations of X, one for each fundamental decomposition of #". The connection
between these representations and their transfer functions, or scattering matrices, is studied in
Section 6. In particular, we prove that two scattering matrices © and ®; which are obtained in
this way are connected by a linear fractional transformation of the type

[lx(m + 1)

D = [0 D + ][y D + D] ! (11)

where @ = [g; g‘j is the decomposition of the identity operator on ¥ with respect to the two

given fundamental decompositions of #". The restrictions of these scattering matrices to the
open unit disk D = {z € CJ|z] < 1} belong to the Schur class S(D; %, %) of holomorphic Z(%; %)-
valued contractive functions on D.

In Section 7 we prove that every passive state/signal system X has an orthogonal conservative
dilation which is unique up to unitary similarity under a natural minimality assumption. This
dilation need not be simple. If it is, then X is said to have minimal losses. We also prove that
every passive state/signal system has an orthogonal compression which is minimal (i.e. it cannot
be compressed any further, or equivalently, it is controllable and observable).

In Section 8 we take a look at passive behaviours and their realizations by means of a simple
conservative, or controllable passive and forward conservative, or observable passive and
backward conservative state/signal systems. All of these are unique up to unitary similarity. It is
also possible to construct minimal passive realizations, which are unique only up to pseudo-
similarity.

Up to now we have only treated the case where the ‘internal energy’ of the system is described
by the square of the norm of the state. V. A. Yakubovich and his successors typically allow the
internal energy to be a more general quadratic function of the state. We study this case in
Section 9 by introducing the class of H-passive state/signal systems. Here H is a positive self-
adjoint operator in the state space which may be unbounded and may have an unbounded
inverse. This is done in such a way that a state/signal system X is H-passive if and only if the
adjoint system X, is H~'-passive. We show that if a state/signal system X is H-passive, then any
fundamental decomposition #~ = —# _[+]# ", of its signal space # is admissible, i.e. there
exists a scattering representation /s, = ([é g};%’, U, @) of Xwith %=, and ¥ =W _.
Let My be the set of all H for which X is H-passive. Then, for each scattering representation
Xi/sjo» My coincides with the set My, =~ of all generalized positive self-adjoint solution of the

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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discrete time scattering KYP (inequality) for Z;q /o
A*HA — H + C*C A*HB+ C*D
=<0 (12)
B*HA + D*C B*HB + D*D — 1y

in a sense that will be explained in Section 9.** In particular, My, is determined uniquely by
the state/signal system X, and it does not depend on the particular scattering representation. We
also prove a similar statement for admissible orthogonal decompositions of the signal space, i.e.
for admissible transmission representations of X. In our next paper the same statement will be
proved for admissible input/state/output (impedance) representations of £ which correspond to
decompositions # = ¥+ of W into two Lagrangean subspaces % and %.

We prove that H € Ms if and only if H'/? is a pseudo-similarity between X and a passive
state/signal system Zp;. Let M2 be the subset of My for which £y is minimal (i.e. controllable
and observable). If T is minimal and Ms is non-empty, then M¥" is non-empty and MEin
contains a minimal element H, and a maximal element H, with respect to the standard partial
ordering of (possibly unbounded) self-adjoint operators on H. The operators H. and H,
correspond to Willems’ [15, 16] available storage and required supply, respectively.

The results presented here have natural applications to several subclasses of passive discrete
time state/signals systems, such as optimal, balanced, strongly stable, and lossless systems.
These applications will be presented elsewhere, together with related results on Darlington
representations of passive lossy behaviours. In this connection we shall also discuss stability of
the system in the case where Xy is minimal. Here the stability of x(-) is not with respect to the
original norm |- ||, in the state space, but with respect to the ‘energy’ norm defined by the
storage (or Lyapunov) function

Ey(x) = (x, Hx), = |H'x|[%, He M

The difference is significant since both H and H~! may be unbounded (an example where all
solutions of the continuous time version of the generalized KYP inequality (12) must be
unbounded and have an unbounded inverse is given in Reference [2]).

In the next two papers in this series we shall present additional results related to the
transmission case where the signal space ¥~ is decomposed into an orthogonal sum ¥ =
—%[+]% which is not fundamental. Even if the state/signal system X is passive it need not be
true that every such orthogonal decomposition is admissible. To study this case we introduce
affine generalizations of the notion of an input/state/output representation and a transfer
function. Similar considerations apply to the impedance case, too, where #" is decomposed into
asum W = Y+, where both % and % are Lagrangean subspaces of ¥~ (in particular, they are
not orthogonal to each other in #").

In the sequel we shall often need to refer to results taken from Reference [3]. As we mentioned
earlier, we shall refer to this publication as ‘Part I'. When we cite a particular result in

**There is a rich literature on the finite-dimensional version of this inequality and the corresponding equality with
scattering supply rate; see, e.g. References [4-6], and the references mentioned there. This inequality is named after
Kalman [7], Popov [8], and Yakubovich [9]. In the seventies the classical results on the KYP inequalities were extended
to systems with dim 2 = oo by V. A. Yakubovich and his students and collaborators (see References [10-12] and the
references listed there). There is now also a rich literature on this subject; see, e.g. the discussion in Reference [13] and
the references cited there. The notion of a generalized solution of (12) that we use was introduced and studied in
Reference [14].

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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Reference [3] we shall do this by adding a roman number ‘I’ to the corresponding number
appearing in Reference [3]. Thus, for example, Definition 1.2.1 stands for Definition 2.1 in
Part I, and (I1.3.9) stands for formula (3.9) in Part I.

Notation

The space of bounded linear operators from one Krein space 2 to another Krein space # is
denoted by #(Z’; %), and we abbreviate Z(%; X) to #(Z). The domain, range, and kernel of a
linear operator A is denoted by Z(4), #(A), and .A"(A4), respectively. The restriction of A4 to
some subspace & < Z(A) is denoted by A|,. The identity operator on %" is denoted by 14. For
each 4 € B(Z') we let A4 be the set of points z € C for which (14 — zA) has a bounded inverse,
plus the point at infinity if 4 is boundedly invertible. We denote the projection onto a closed
subspace % of a space 2 along some complementary subspace % by PY, and by Py if % is
orthogonal to %.

C is the complex plane, D is the open unit disk in C, Z = {0, +1,+2,...} and Z" =
{0,1,2,...}. The sequence space £{*(Z*; %) contain those %-valued sequences u(-) on Z* which
satisfy 32,5+ [lu(m)|]* < 0.

We denote the ordered product of the two locally convex topological vector spaces 2 and %
by [,7/} In particular, although 2 and % may be Hilbert spaces (in which case the product

topology on [} ] is induced by an inner product), we shall not require that [{] L [}] in [}]. We

2

identify a vector [}] € [ ] with x € 2’ and a vector m e [5] with y € #. (We also denote the

ordered direct sum Z+% by [ ] .) We denote the inner product in the Hilbert space Z by (-, )4,
the inner product in the Krein space %" by [-,-],-. The set of all vectors that are orthogonal to a
set 4 is denoted by G in the case of a Krein space and by %~ in the case of a Hilbert space.

In the sequel the acronym ‘s/s’ stands for ‘state/signal’, and the acronym ‘i/s/o’ for ‘input/
state/output’.

2. KREIN SPACES

For the reader’s convenience we collect here various results concerning the geometry of Krein
spaces which we shall use in the sequel. For more thorough treatments of Krein spaces we refer
to References [17-19].

By a Krein space we mean a linear space #~ endowed with an indefinite inner product [, -],
which is complete in the following sense: there are two subspaces —#"_ and #", of ¥ such that
the restriction of [-,-],,- to #". x # ', makes # . a Hilbert space while the restriction of —[-, -]~
to # _ x # _ makes # _ a Hilbert space, and # = —# _[+]# . is a [, -] ,-orthogonal direct
sum decomposition of #. In this case the decomposition # = —W _[-F]# . is said to form a
fundamental decomposition for the Krein space #". A fundamental decomposition is never
unique, except in the trivial situation where # _ or ¥, is the zero space. It is true that
ind_#" :=dim# _ and ind;# = dim # , are uniquely determined; in case either one of
ind_#" or ind, #  is finite, then ¥  is said to be a Pontryagin space. A choice of fundamental
decomposition #" = —# _[+]#", determines a Hilbert space norm on #~ by

[lw_ + w+||?ﬂ,,.7@4,,,,.+ =—[w_,w_ly +Wi,wily, w_eW _, wpeW (13)

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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While the norm ||-|, gy, itself depends on the choice of fundamental decomposition
W =—W _[+]w . for #, all these norms are equivalent and the resulting strong and
weak topologies are each independent of the choice of the fundamental decomposition.
In particular, the weak topology is the weakest topology with respect to which each of
the linear functionals w+ [w, '], is continuous with respect to the (uniquely determined)
norm topology on ¥, and every continuous linear functional on %" is of this type.
Any norm on ¥ arising in this way from some choice of fundamental decomposition % =
—W _[+]w ;. for W we shall call an admissible norm on ", and we shall refer to the
corresponding positive inner product on # _ @ ¥ . as an admissible Hilbert space inner product
on .

For each Krein space #~ we define its anti-space —#" to be algebraically and topologically the
same space as % but with the new inner product [-,-]_, = —[, -], If #"is a Hilbert space, then
we call —#" an anti-Hilbert space. Observe that a Krein space and its anti-space have the same
admissible norms and admissible Hilbert space inner products.

A subspace ¥ of a Krein space is said to be non-negative, neutral or non-positive if [g, g, =0
for all ge ¥, [g,g]l, =0 for all ge ¥, or [g,g], <0 for all g e ¥, respectively. Subspaces of
these types are called semi-definite. In each semi-definite subspace ¥ the Cauchy inequality
Ilg, g’],,,-|2 <[g,gll¢g’, &'l holds for all g, g’ € 4. In particular, in each neutral subspace we have
lg.¢'], =0 for all g, ¢ €¥%. A subspace is maximal non-negative (respectively, maximal
non-positive) if it is non-negative (non-positive) and if it is not properly contained in any other
non-negative (non-positive) subspace. If [g,g], >0 for all g e ¥ with g+#0, we say that ¥ is
positive; similarly, 4 is negative if [g,g], <0 for all ge @ with g#0. In case that there
isa 0 >0 so that [ ,g]A,,;>5||g||2 (respectively, [g, g, < — d|lgll*) for some admissible choice of
norm || - || on ¥ and all g € 4, we shall say that ¢ is uniformly positive (respectively, uniformly
negative).

A bounded linear operator 4 on a Krein space #" is called non-negative (and we write 4>0)
or non-positive (A<0) if [w, Aw],-=0 or [w, Aw], <0, respectively, for all we #". It is
positive (A>0) or negative (A4<0) if [w,Aw],->0 or [w,Aw], <0, respectively, for all
non-zero w € % . By A< B, where both 4 and B are bounded linear operators, we mean that
A — B<0, etc.

The orthogonal companion % of an arbitrary subset ¥ — ¥ in the Krein space inner
product [-, ], is defined as

gl — {we #|[w,gl, =0 for all ge 4}

If % is a Hilbert space, then we write %+ instead of %), This is always a closed subspace of #.
Note that, by definition, a subspace % is neutral if and only if ¥ = %], A stronger notion than
a neutral subspace is that of a Lagrangean subspace: we say that a subspace ¥ — #  is
Lagrangean if 4 = 4.

If we fix a fundamental decomposition # = — % _[+]# ., we may view elements of #" as
consisting of column vectors

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
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where we view ¥ _ and %", as Hilbert spaces, and the Krein space inner product on #" is given by

l[‘M‘| l}v,‘|‘| <[‘¢7‘| |‘_14ﬂ/. 0 ] l}V/‘|>
wo | wo wy | 0 0720 N R on.

= —(w_,w)y, +(wy, w’+)¢,¢+ (14)

Lemma 2.1
Let #" be a Krein space #~ with the inner product [, ],,-, and let (-, -),,- be an admissible Hilbert
space inner product in #". Then there exists a unique operator J € #(#") such that

w, Wy = W, W)y, w, wew (15)

The operator J is both unitary and self-adjoint with respect to both the inner products [+, -],,- and

(.’ ')n;,«/‘-

Proof

LetJ = _16’”* 1.}/0, be the operator in (14). Then J is self-adjoint and unitary both in the Krein
space # and in the Hilbert space % _ @ # ., and (15) holds. Clearly, J is determined uniquely
by (15). ]

An operator which is both self-adjoint and unitary is usually called a signature operator.
Non-negative, neutral, non-positive, and Lagrangean subspaces are characterized as follows
by means of an arbitrary fundamental decomposition of #".

Proposition 2.2
Let # be a Krein space represented in the form %" =
given by (14). Then the following claims are true:

Z’*} with the Krein space inner product
.

(1) % is non-negative if and only if there is a linear Hilbert space contraction K, :Z. +— ¥ _
from some domain &, = ¥, into ¥ _ such that

Ly, dy

% is maximal non-negative if and only if, in addition, 2, = ¥ .
(2) % is non-positive if and only if there is a linear contraction K :2_+> %", from some
domain _ < # _ into # ', such that
d_
K d

Ly
G = 9_
K_

% is maximal non-positive if and only if, in addition, Z_ = #"_.
(3) ¢ is neutral if and only if there is an isometry U, mapping a subspace &, of #
isometrically onto a subspace Z_ of # _, or equivalently, an isometry U_ mapping

4G =

d, e%} (16)

d_ e @_} (17)
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9_ < W _ isometrically onto &, < # ', such that
Uy Ly

U_

g = L= 78 (18)

Ly,

% is Lagrangean if and only if, in addition, 2. = #", and 9_ = ¥"_.
(4) % is maximal non-negative if and only if % is closed and %) is maximal non-positive.
More precisely, if % has representation (16) with 2, = % ,, then %1 has the

representation
Ly
gl — W (19)
Kt

where K% is computed with respect to the Hilbert space inner product in % _ (instead of
the anti-Hilbert space inner product in —% _ inherited from #").

(5) % is maximal non-negative if and only if % is closed and non-negative and ! is non-
positive. In particular, % is Lagrangean if and only if ¢ is both maximal non-negative and
maximal non-positive.

Proof
See the following theorems in Reference [18]: Theorem 11.7 on p. 54, Theorems 4.2 and 4.4 on
pp. 105-106, and Lemma 4.5 on p. 106. O

The fundamental decompositions that we have considered above are a special case of
orthogonal decompositions W = —%[+]% of W, where % and % are orthogonal with respect to
[,]4» and both % and % are Krein spaces with the inner products inherited from —%" and #~,
respectively. Thus, if w =y + u with y € % and u € %, then

w, wly =, yly + [ uly = =, yly + [u, uly (20)

This orthogonal decomposition is fundamental if and only if % and % are Hilbert spaces, i.e. if
they are both non-negative.

3. STATE/SIGNAL NODES AND SYSTEMS WITH KREIN SIGNAL SPACES

In this section we recall a number of definitions from Part I. There both the state space Z and
the signal space %~ were taken to be Hilbert spaces. Here we still require Z to be a Hilbert space,
but take #” to be a Krein space. In Part I we defined the node space K to be a Hilbert space,
namely the product of two copies of Z and one copy of #". This time we interpret & as a Krein
space with the inner product <:,-)> given by (7). In other words, we replace the first copy of 2’
by the anti-Hilbert space —%, and use the indefinite inner product in & which it inherits from its

components, so that & = [ Z] Note that K& cannot be a Pontryagin space unless Z is finite-

dimensional. Recall that we in Part I only made marginal use of the assumption that Z', #~, and
K were Hilbert spaces, i.e. the only Hilbert space property that we used there was that every
closed subspace of a Hilbert space is complemented. Thus, the results of Part I are still valid in
the new setting where #~ and K& are Krein spaces.
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Thus, in the setting of this paper a s/s (i.e. state/signal) node £ .= (V;Z,%) is a colligation
where the state space 4 is a Hilbert space, the signal space %" is a Krein space, and V is a
subspace of the node space | with the following four properties:

(i) V is closed in K;
(ii) For every x € Z there is some [] € [, such that Lﬂ ev;

(iif) If [8} e V, then z = 0;

(iv) The set {m e[Z]

W

H e V for some ze & } is closed in [/ ].

By the s/s system generated by the s/s node £ = (V; Z, #") we mean this node itself together with
. L . o x(r+1)
the set of all its trajectories, i.e. all sequences of pairs (x(-), w(-)) satisfying [ xgn)) } e V for all

neZt. We use the same notation T for the system as for the original node.
In Sections 3-5 of Part I we developed the following three different kinds of representations of
a s/s system.

Proposition 3.1

Let V' be a subspace of the node space }. Then the following assertions are equivalent:
(1) V has properties (1)—(iv), i.e. £ = (V;Z,#") is a s/s node.
(2) V has a driving variable representation

A B
c D

for some bounded linear operators {”C‘: g:] e #([%]: [;]) with the additional requirement
that D' is injective and has closed range. Here & is an auxiliary Hilbert space, called the
driving variable space.

) (22

(3) V has an output nulling representation
1y A" B
for some bounded linear operators {g‘,’, g,l,} e #([;]: []) with the additional require-

O CN D//

VZJV(

ment that D" is surjective. Here ¢ is an auxiliary Hilbert space, called the error space.
(4) V has an i/s/o (i.e. input/state/output) representation

A B
lpy O -1y 4 0 B
cC D 0 C -1y D
0 14
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for some bounded linear operators [ 7] € 2([}]; [}]), where #" = @+ is a direct sum

decomposition of #". We call % the output space and % the input space.

This follows from Lemmas I.3.1 and 1.4.1 and Theorem 1.5.1.

A decomposition ¥ = %+ of the signal space is called admissible for a s/s system
X =V, 2, ) if £ has an i/s/o representation X/, with respect to this decomposition. This
representation X/, is uniquely determined by X and by the decomposition %" = #4-%.

The three different representations of ' in Proposition 3.1 provide us with three different
representations of the original s/s node £ and the corresponding s/s system. In the driving
variable representation of V' given in (21) the trajectories of X are described by the system of
equations

x(n+ 1) = A'x(n) + B'{(n)

w(n) = C'x(n) + D't(n), neZ" (24)

x(0) = xo

where each £(n) € Z. If we instead use the output nulling representation of ¥ given in (22), then
the trajectories of X are described by the system of equations

x(n+1) = A"x(n) + B'w(n)
0=C"x(n)+D"'wn), neZ" (25)

x(0) = xq

Finally, in the i/s/o representation of V' given in (23) the trajectories of X are described by the
system of equations (8).
In Part I we used the following notations: a driving variable representation of X was typically

denoted by Zqy/5s = ([/C‘; g’,};%”, LW ), an output nulling representation by X//on =

([él,: g:’,};%’, W, Jf), and an i/s/o representation was denoted by %0 = ([4 2; 2, %,%). In
the case of a driving variable representation and an output nulling representation these
notations still contain a sufficient amount or information so that we can recover the original s/s
system from the given information. In the case of an i/s/o representation our earlier notation
does not explicitly tell us how to recreate the Krein space inner product in %~ from the
subspaces % and % alone. In the present part we shall consider only i/s/o representations
corresponding to orthogonal input/output decompositions W = —%[+]% of the signal space, so
once we know the Krein space inner products in % and % we also know the Krein space inner
product in # . In the case where the decomposition is fundamental, i.e. % and % are Hilbert
spaces, we call the corresponding i/s/o representation %5/, a scattering representation of X, and
in the more general case where % and % are Krein spaces we call Xy, a transmission
representation of X. In the former case, the transfer function

Dz)=D+:zC(ly —zA)'B, zeAy (26)
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of %5/, is called the scattering matrix of i/, and in the latter case it is called the transmission
matrix of Zj/s/,.

Let us end this section with a short review of the notion of a causal signal behaviour
introduced in Section 1.7. There we restricted ourselves to the case where the signal space is a
Hilbert space, but the same construction applies to the case where the signal space is a Krein
space, too.

The notion of a signal behaviour is closely related to the notion of an externally generated
trajectory of a s/s system T = (V; &, #"), i.e. a trajectory (x(-), w(-)) on Z™ satisfying x(0) = 0. By
the (causal signal) behaviour of T (or induced by X, or realized by X) on the signal space #~ we
mean the set of all sequences in ¥~ 7" that are the signal components w(-) of all externally
generated trajectories (x(-), w(-)) of X. This set is closed and right-shift invariant in the Fréchet
space W~ 7" More generally, by a behaviour on ¥~ we mean an arbitrary closed right-shift
invariant subspace of % 2" If the behaviour 2B is induced by a s/s system X, then we say that 23
is realizable, and call X a s/s realization of M. Two s/s systems with the same signal space #~ are
externally equivalent if they have the same signal behaviour. Externally equivalent s/s systems
have the same set of admissible decompositions of the signal space.

Not every behaviour is realizable. A necessary and sufficient criterion for the realizability of a
behaviour is given in Theorem 1.7.5. An important role in this theorem is played by the zero
section

W(0) = {w(0)|w € W} 7)

of the behaviour 2B. This is always a closed subspace of # . If I is realizable and
=%, ") is a realization of W, then W(0) coincides with the canonical input space

z
Uy=weW|| 0| eV for some ze & (28)

w

of . By Lemma 1.5.7, every decomposition %" = %,+%, (where % is an arbitrary complement
to %) is admissible for X.

The behaviours that we shall consider in this part will be passive, and they will always be
realizable. See Section 8 for details.

We finally review the notions of minimality and pseudo-similarity.

The reachable subspace R of a s/s system X = (V;Z,#") is the closure in Z of all possible
values of the state components x(n), n € Z", of all externally generated trajectories of X, i.e.
trajectories satisfying x(0) = 0. We call X controllable if R = Z. The unobservable subspace U of
% consists of all initial values x(0) of all unobservable trajectories, i.e. trajectories (x(-), w(-))
where w(n) =0, n e Z*. We call T observable if W = {0}.

In Part I we also defined what we mean by the minimality of a s/s system X, and showed in
Theorem 1.8.26 that X is minimal if and only if X is both controllable and observable. (We shall
say more about this in Section 7.)

The external equivalence of two minimal s/s systems is related to the notion of the pseudo-
similarity of these two systems. We call a linear operator Q acting from the Hilbert space " to
the Hilbert space % a pseudo-similarity if it is closed and injective, its domain Z(Q) is dense in Z,
and its range #(Q) is dense in #.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
DOI: 10.1002/rnc



PASSIVE DISCRETE TIME STATE/SIGNAL SYSTEMS

Definition 3.2
Two s/ssystems X = (V; X, #")and £, = (V; X1, W) are pseudo-similar if there exists a pseudo-
similarity Q:Z — %1 such that the following conditions hold.

If (x(-),w(-)) is a trajectory of £ with x(0) € Z(Q), then x(n) € Z(Q) for all ne Z* and
(Ox(-),w(-)) is a trajectory of X;, and conversely, if (x;(-),w(:)) is a trajectory of Z; with
x1(0) € Z(Q), then x1(n) € Z(Q) for all n e Z" and (Q~'x;(-), w()) is a trajectory of X.

An operator Q with the above properties is called a pseudo-similarity between ¥ and X.
Clearly, if Q is a pseudo-similarity between X and X, then Q' is a pseudo-similarity between X;
and X.

Proposition 3.3
LetZ=(V;Z,%)and £, = (V; %1, ) be two s/s systems with the same signal space #".

(1) If X and X, are pseudo-similar, then they are externally equivalent.
(2) Conversely, if X and X; are minimal and externally equivalent, then they are pseudo-

similar.
Proof
Part (1) follows directly from Definition 3.2 (take x(0) = 0 and x;(0) = 0). Part (2) is contained
in Proposition 1.7.11 and Theorem 1.8.26. O

Two i/s/o systems %50 = ([& B]: 2, %, %) and Zil/s/o = ([‘C‘I g‘l};%,%, @) with the same
input and output spaces are called pseudo-similar if there exists a pseudo-similarity Q:Z — %
such that 4A2(Q) = 2(0), Z(B) = 2(Q), and

410 By
Q0 D

04 OB
C D

(29)

[#9)]

K4

We shall apply the same similarity notion to driving variable and output nulling representations,
too, interpreting them as i/s/o systems (as explained in Remark 1.5.4).

Proposition 3.4
LetX=(V;Z,%)and | = (V; Z1, ") be two s/s systems with the same signal space #~, and
let Q:% — 2’1 be a pseudo-similarity with graph

o7

Then the following conditions are equivalent.

xe @(Q)} (30)

(1) £ and X, are pseudo-similar with pseudo-similarity operator Q.

(2) The following implication holds: If [x] € , [] € V1, and [1] € %(0), then [1] € %(0).

(3) The systems X and X; have the same set of admissible decompositions %" = ¥+ of
¥, and for every such decomposition the corresponding i/s/o representations X;/;/, and
Eil/s /o are pseudo-similar with pseudo-similarity operator Q.
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(4) There exists some decomposition %" = #+% of #" which is admissible both for X and
for Xy, and the corresponding i/s/o representations Z;/s/, and Zil/s /o are pseudo-similar
with pseudo-similarity operator Q.

(5) X and Z; have driving variable representations X, /s and Z(ljv /s /s> respectively, which
are pseudo-similar with pseudo-similarity operator Q.

(6) X and Z; have output nulling representations X/, /,, and
pseudo-similar with pseudo-similarity operator Q.

1

s/s/on> respectively, which are

Proof

(1) = (2): It is easy to see that (2) = (1). Conversely, if (1) holds, then it follows from the fact
that every trajectory of X or X; on the interval [0,0] can be extended to a full trajectory (see
assertion 1) of Proposition 1.2.2) that (2) holds.

(1) = (3): If (1) holds, then by Proposition 3.3, £ and X, are externally equivalent; hence they
have the same admissible input/output decompositions of the signal space (see Theorem 1.7.7).
By using the standard i/s/o representation (8) of the trajectories it is easy to see that the pseudo-
similarity of £ and X; implies that the corresponding i/s/o representations of ¥ and X, are
pseudo-similar with the same pseudo-similarity operator.

(3) = (4): This is trivial.

(4) = (1): This follows easily from the i/s/o representation (8) of the trajectories of a s/s
system.

(4) = (5) and (4) = (6): The i/s/o representations in (4) can be interpreted as driving variable
representations or as output nulling representations as explained in Remark 1.5.2, and it is easy
to see that they are still pseudo-similar in the new (driving variable or output nulling) sense.

(5) = (1) and (6) = (1): The proofs of these implications are essentially the same as the proof
of the implication (4) = (1), with the i/s/o representation replaced by the driving variable
representation (24) or the output nulling representation (25). O

4. ADJOINT STATE/SIGNAL NODES AND SYSTEMS

The present setting where the state space Z is a Hilbert space and the signal space #" is a Krein
space enables us to define the adjoint of a s/s system X = (V; %, #"). This is another s/s system
X, =W 2,7 ,) which is needed, among others, in our definition of the passivity of a s/s
system. We want our definition of the adjoint of a s/s system to be consistent with the standard
definition of the adjoint of an i/s/o system with Hilbert input, state, and output spaces, and this
makes it necessary to introduce a non-standard interpretation of the adjoints of the Krein signal
space #" and the Krein node space K.

Instead of identifying the dual of the signal space #~ with #" itself we shall identify the dual of
w with #w°, = —# .7 This we do in the following way. Let .# be the identity operator from
W, = —W to #. Then every bounded linear functional on #" is of the form wi—[w, #w,],
for some w, € # . This defines a duality pairing

WDy = Iw, 1y = [FFw, w.ly , weW, w,eW, (31)

" The reason for this is that we want also the adjoint system to be causal rather than anti-causal.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
DOI: 10.1002/rnc



PASSIVE DISCRETE TIME STATE/SIGNAL SYSTEMS

between #" and ", so that with respect to this pairing #" and %", are adjoints of each other.
Note that this pairing is anti-unitary in the sense that % = —# ! since, for all v,, w, € #",,

[V*,W*]"t/* = _[jv*:jw*]“/l/ = [V*: _f*jw*]’ﬂ”*

In particular, .# ! = —.#* is the identity operator from #  to —# . In the sequel we shall keep
the notation ! (introduced in Section 2) for the orthogonal companion of an arbitrary subset
% < " with respect to [-,-],-. We denote the annihilator of & in %", with respect to the duality
pairing -, D¢y y 5 DY 4L Thus,

G ={w, e W KgW. Dy s =0Tforall ge g} =g gl

Since we now have two different adjoints of #”, namely ¥ itself and ¥, it is possible to
compute adjoints of operators defined on # or mapping into #  in two different ways. In the
sequel we denote adjoints with respect to the inner product [-,-],,- by the superscript *, and we
denote adjoints with respect to the duality pairing {-,-> ¢y, by the superscript '. We restrict
ourselves to the case where the operators in question map a Hilbert space Z into #”, or #” into a
Hilbert space 2, or #~ back into itself, and where the adjoint of Z is identified with itself. For
example, if C € B(Z; "), then cte BN X)), Cr e B(W;4),and forall xe X and w, € ¥,

(X, CTM}* )97 = <CX, W ><“Il/",“ft”“* y = [CX, <¢w*]”ll/" = (X, C*JM/* )J}’

Thus, ct = C*.#, or equivalently, C* = —cT.7* For each operator B € Z(W ', &) the analogous
computation (valid for all xe Z and all w, € #",)

{w, BTX><«1¢"‘,¢//'*> = (Bw,x)y = [w, B*x], = v, =I*B* )
shows that BT = —.7*B* and B* = 7BT. Finally, if D € (%), thenforallwe ¥ and w, e ¥,
<, DT, diwa,y =LDWW Dy s = [Dw, Iw, ]y = [w,D*Iw, ],
={w, —I*D*Iw, R

so that DT = #71D*# and D* = /DT 7! with #~1 = —7* At this point it is important to
observe that if we repeat the same construction twice, where we the second time interchange
W and ¥, but still use the same sign T for all the adjoints, then (CT)Jr = —C (whereas
(C** = C) and (BT)Jr = — B (whereas (B*)* = B). However, ohH =p.

After this discussion on the anti-dual of the signal space %~ we now return to the full s/s node
2=V %,""). We shall define the adjoint of X to be another s/s system X, = (V,.; Z,#") with
the same state space 2 and with the anti-space #~, of #  as its signal space. Thus, the node

space &, of the adjoint s/s system will be &, = L’Z } As in the case of the signal space %~ we

shall identify the dual of the node space & by the adjoint node space &, as follows (compare this
with the discussion above on how we identify the dual of ¥~ with #",). Each bounded linear
functional on & has the (non-standard) representation

z z X4 z 0 1y O Zy
X | > x|, | z. x|,|1ly 0 O X,
w w Iw, w 0 7w,
K !
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Z* . . . .
for some unique |x, | € &,, and this defines a duality pairing

i z Z z 0 19’ 0 Z
x|, | x. = x|,|1e 0 O X,
Wl [ we |/ wso wi L0 0 S w, ],
= - (Za Xy )’1 + (Xs Zx )% + <W, W ><"f/’"',"ff"'* > (32)

between | and K, . Observe that like the duality pairing between %~ and #~, also this duality

W w
«

z .
pairing is anti-unitary, since for all [«R], lxl] € K, we have

0 1y O Zy 0 1y O Zs
/
I O 0 X, |, | 1o 0 X,
0 O f M/* 0 0 j wz/
* !
/
X, X,
/
= Z % P Z,
JIw, Iw
!
Z/
Z 4 %
/ / / /
:—(x*,x*)%-—k(z*,z*)%-—&—[fw*,fw*]y,,/-:— Xo |5 | Xy
/
w, W, N

The generating subspace V', of the adjoint system is defined to be the annihilator of V' in &,
with respect to the above duality pairing, i.e.

0 1y 0
V.=V =11y 0 0 |[VWH=tk, eQ [Kkk,>qn =0foralkeV} (33)
0 0 —s*

where VI stands for the orthogonal companion of V in K.

Proposition 4.1
Let X =(V;%,%") be a s/s node. Then the triple X, = (V,, %, #",) defined above is also a s/s

node.
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Proof
Definition (33) may be rewritten as

_(Z,X*)p[ + (X,Z*)%' + (Mj, W*)<"///,’ﬂ’“*> =0

for all H e V and all |:x:| eV,. Let Zgy5s = ([AI Bl;%, <, “//) be a driving variable

c D
w. w,

representation of the s/s node X = (V;Z,#"). By (21), this is equivalent to

*(A,X + Blf, x* )9 + (x,Z* )9” + <C’x + le, W* ><,ﬂ/"~ﬂ/’*> = 0

[N

for all [}] e [é] and all

(for the same set of data)

€ V. Passing to adjoints we get the alternative equivalent relation

Dk

(.2, — (Y x, + ()T + (=B, + (@) w,)y =0

This says that [Y} e V. if and only if [*} € A/([_l"' ) (CI)T]). The operator (D’)Jr is
w, w, 0 —(B)* (D/)T

surjective since D’ is injective and has closed range. By Proposition 3.1, ¥, has properties

(1)-(v),so Z, = (V,;Z,#",) is a s/s node. At the same time we find that

Ayt
(2*)s/s/on: T 9‘%‘94/%*93
—(B)* (D)

is an output nulling representation of X, . O

Definition 4.2

Let X = (V,Z,%) be a s/s node, with a Hilbert state space 2 and a Krein signal space #". The
s/s node X, = (V,;Z,#",) defined above is called the adjoint of £. The corresponding s/s
system is called the adjoint of the s/s system X.

Proposition 4.3
The adjoint of the adjoint X, = (V,; %, % ,) of a s/s node (or system) X = (V; %, #") coincides
with the original node (or system) %, i.e. (X,), = X.

We leave the straightforward proof to the reader (V, is the annihilator of V' in &, if and only
if V' is the annihilator of V', in K).

Proposition 4.4

Let % be the canonical input space of the s/s system £ = (V;Z,#") (defined in (28)), and let
Ay, be the canonical input space of the adjoint system X, = (V,.; Z,#",). Then %,, = %SD.
Consequently, also 23, (0) = MW(0)<”, where W(0) and W3, (0) are the zero sections (see (27)) of
the behaviours of X and X, respectively.
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Proof
Let Zgy/ss = ({/C‘: g’,};&’”, <, W) Then, by Proposition 1.3.2, %y = #(D’). As we saw in the
proof of Proposition 4.1)
@y —f
(Z*)s/s/on: + ;%,W*,ff
—(B)* (D)
is an output nulling representation of X, . Therefore, by Proposition 1.4.2, %,, = N((D’)T). This

implies that %, = N((D’)T) = RD) = %éb. The statement about the zero sections follows
immediately, since IW(0) = %y and W, (0) = Xy., . O

It is possible to give an alternative characterization of X, in terms of the following
relationship between the trajectories of X and those of X,

Proposition 4.5
Let (x(-), w(-)) be a trajectory of  on Z", and let (x, (-), w, (-)) be a trajectory of £, on Z". Then,
forallneZ",

—(x(n + 1), x,(0)y + (x(0),x,(n+ 1)y + Z wk),wo(n =5y y =0 (34)
k=0

In particular, if both of these trajectories are externally generated (i.e. x(0) = 0 and x,(0) = 0),
then

D k) w (n =Ky gy =0, nelZt (35)
k=0

Conversely, if the set of trajectories (x(-),w(-)) and (x,(),w,(:)) of two s/s systems
=2, ")and X, = (V,; %, ,) satisfy (34) for all ne Z", then X and X, are adjoints
of each other.

Proof
We begin with the direct statement. By the definition of trajectories of £ and X, we have for all
k,meZ",

7(x(k + 1)’ X (n/l))ﬂ' + (.X(k), Xy (}’Vl + 1))/)" + <W7(k), Wy (m)><”//"”,1f'”*> =0 (36)

Taking m = n — k and summing over k € [0, n] we get (34).
To prove the converse statement it suffices to take » = 0 in (34), obtaining

—(x(1), x,(0)) + (x(0), x, (1) 4 <w(0), W, (0)) ¢y = 0 (37

x.(1)

By assertion 1(c) of Proposition 1.3.2, we can take |x(0)| to be an arbitrary vector in V" and |, (0)
w(0) w, (0)
to be an arbitrary vector in V', (every such vector is a trajectory along V" or V', respectively, on
the time interval [0, 0]). This means that V', is the annihilator of ¥, and hence X, is the adjoint
of Z. O

x(1)

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
DOI: 10.1002/rnc



PASSIVE DISCRETE TIME STATE/SIGNAL SYSTEMS

Proposition 4.6
Let Z = (V;%,%") be a s/s system with the adjoint X, = (V.; Z, 7 ,).

(1) The sequence (x(-), w(:)) is a trajectory of ¥ on Z" if and only if (34) holds for all
trajectories of £, on Z* and all ne Z*.

(2) The sequence (x,(-),w,(-)) is a trajectory of £, on Z* if and only if (34) holds for all
trajectories of £ on Z* and allne Z*.

Proof
We start by noticing that it suffices to prove part (1), since part (2) follows from (1) and
Proposition 4.3.
The proof of part (1) is by induction over the length of the interval on which (x(:), w(-)) is a
solution. We begin with the one point interval [0,0]. We take n = 0 in (34) to get (34), and
x(1)
arguing as in the proof of Proposition 4.5 we find that [xm)
w(0).

€ V. This shows that (x(-), w(-)) is a

trajectory on the one point interval [0, 0].

Next we move on to the general induction step. Assume that (x(-), w(-)) is a trajectory of £ on
[0, p] for some p € Z". We claim that it is then also a trajectory on [0, p + 1]. It follows from the
induction hypothesis that (36) holds for all k € [0, p] and all m € Z*. In particular, we can take
m=p+ 1 —k and sum over k € [0, p] to get

p
*(X(p + 1)3 X (1))7 + (X(O), X (p + 2))2’ + Z <W(k)3 W (P +1- k)><“ﬂf,"f{/"*> =0
k=0

If we subtract this from (34) with n = p + 1, then we get

*(X(P + 2)7 X (0))}” + (x(.p + 1),X* (1))01’ + <M7(p + 1)5 W (0)><”1//‘,”ﬂ'”*> =0

x. (D x(p+2)

This being true for all l-m(o)l e V, we must have lx(pﬂ) € V. This proves that (x(-), w(-)) is a
w, (0) w(p+1)

trajectory on the interval [0,p + 1]. O

We are now ready to prove the following duality relationship between the unobservable and
reachable subspaces:

Proposition 4.7

LetZ=(V,Z,# )beas/snode,and letX, = (V,, %, # ,) be the adjoint s/s node. Let R and U
be the reachable and unobservable subspaces of X, respectively, and let R, and U, be the
reachable and unobservable subspaces of £,, Then R, = U and U, = R+,

Proof

Let (x,(-),0) be a trajectory of £, and let (x(-), w(:)) be an externally generated trajectory of X
(i.e. x(0) = 0). Then (34) becomes (x(n + 1), x,(0)), = 0, n € Z", which implies that x, (0) € R*.
This shows that [, = RL. Conversely, suppose that x, € R-. Decompose #, into a direct
sum W, =% ,+%, where %, = W, (0) is the zero section of the behaviour of T, , and %, is an
arbitrary direct complement. By Theorem 1.7.5, this decomposition is admissible for X, , hence
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there exists a unique trajectory (x,(:),w,(:)) of X, satisfying x,(0)=x, and w,(n)e%,,
neZt. Once more, let (x(-), w(:)) be an externally generated trajectory of X. The fact that
x,(0) € R+ implies that (35) holds. Taking n = 0 we find that w, (0) € 23(0)*” (since w(0) can be
an arbitrary vector in 23(0)). But 3(0)¢Y” = MW, (0) = %, , so w,(0) € %, . On the other hand,
w,0)e#,,and ¥, n%, = 0. Thus, w,(0) = 0. Once we know that w,(0) = 0 we can repeat
the same argument with n = 0 replaced by n =1 to get w,(1) = 0. The same process can be
repeated, and by using induction we find that that w, (n) = 0 for all n € Z*. Thus (x, (-),0) is an
unobservable trajectory with x,(0) = x,, and so x, € [,. This proves that 2l = R*. Applying
the same argument with ¥ and ¥, interchanged we find that also R, = 2. O

Definition 4.8
A s/s system X = (V; 2, #") with a Hilbert state space 2 is simple if 2l n R+ = 0, where 2 is the
unobservable subspace and R is the reachable subspace.

Equivalently, X is simple if and only if the closed linear span of R and ™ is all of Z.

Proposition 4.9
A s/s node X = (V,%,#") is controllable (or observable, or minimal, or simple) if the adjoint
system X, = (V,; %, " ,) is observable (or controllable, or minimal, or simple, respectively).

Proof
This follows from the definitions of controllability and observability, the fact that a system is
minimal if and only if it is controllable and observable, and Proposition 4.7. O

Proposition 4.10
Let X=(V,Z,#") be a s/s node, with the driving variable representation Xg,/s/s =

([/c‘i Z/];%’, &, “f/) and the output nulling representation X/ /o, = ([gz Z/};%,W}%).

Then (X, )/5/on = ({(E‘;; (;C/);_q;% W *,$> is an output nulling representation of X, and

@y eyl . . ) i
(Z )avysss = <[(B”)T (D”)T] A A W*) is a driving variable representation of X, .

Proof

o et
That (X, )/s/on = <l((3)')* (E)C,)%L ] ;%,W*,,f) is an output nulling representation of X, was

proved at the end of Proposition 4.1.

(A!I)* (CII)*
(B”)T (D/!)T

To prove that (X, )4, Js)s = < [ X H W *> is a driving variable representation of X,

we argue as follows. We have H e V if and only if, for all X' € Z and e e A,
w.

(—z+A"x+B"'w,x"), =0
(C"x+D"w,e)y =0
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Passing to adjoints we get for the same set of data
—(z, XYy + (x5, (A" X)) + <, (B”)Tx,><"ﬂ"',%/'*> =0

(. (€Y )y + W (D) ey, =0
which can be rewritten in the equivalent form

7 (A//)* (C//)*
X

X |, 1:’%‘ 0 =0
e
w] (et ot Y
Ay
This characterizes V" as the annihilator of the range of the operator [ lsz 0 71 . The range of
@BH! (D"

this operator is closed since its adjoint is surjective. On the other hand, V' is also the annihilator

of V,, so V', must coincide with the range of this operator. The operator (D”)T is injective and
"y

(B”)T (D”)T}

representation of X, . U

has closed range since D" is surjective. Thus, ({ X W *) is a driving variable

There is a similar relationship between the i/s/o representation of V' given in part (4) of
Proposition 3.1 and an analogous i/s/o representation for the adjoint system. The exact
formulation is more complicated in the case where the input/output decomposition ¥ = % U
of the signal space #" is not orthogonal. We postpone the treatment of this case to a later time,
and here we present only the orthogonal case, i.e. the case where ¥ = —%[+]% (described at
the end of Section 2). The input space % and the output space % in this decomposition are Krein
spaces which are orthogonal to each other. We identify the duals of % and % with themselves,
and denote adjoints of operators defined on these subspaces or mapping into these subspaces by
the superscript *.

Proposition 4.11

Let T=(V,%,%") be a s/s node, and let ¥ = —%[+]% be a admissible orthogonal
decomposition of ¥, with the corresponding transmission representation %/, =
([& B);,%,%) of =. Then W', = —U[+]% is an admissible orthogonal decomposition of
W, for the adjoint s/s node X, = (V,; %, % ,) of X, and Zi*/s/o = ([g: gi};%’,@,%) is a
transmission representation of X .

Proof

As described in Remark 1.5.2, we interpret %;/,/, as a driving variable representation X4, /s/s =

([& &]:2,2.97) witn

A | B
A B
=|C|D
c D
0 |1y
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(4" —(C’)T

A i P ition 4.10, (X = ; u | i 1li
ccording to Proposition 4.10, (X, )y//on R s, W, | is an output nulling

representation of X,. Here (B)* = B —(C’)T = [C* 0], and (D’)T = [-D* 14]. Thus, the
resulting output nulling representation of V', is equivalent to the following relationship between

the components of |¥+| e V,:

Ze = A*X* + C*y*

0=—B*x, — D*y, +u,

This set of equations can alternatively be interpreted as an i/s/o representation of X, and it
coincides with the representation Zi*/s /o given in the statement of the theorem. Thus, in
particular, ¥, = —#[+]% is an admissible orthogonal input/output decomposition of %". [

Our definition of the adjoint of a s/s system is based on a Krein space inner product in the
signal space # . In the standard approach to duality of i/s/o systems one uses Hilbert space
inner products in the input space % and output space %, and computes the adjoints with respect
to these inner products. In our s/s setting this amounts to using a Hilbert space inner product in
W (the cross product of the inner products in % and %). The question of how these two
approaches are related to each other is answered in the following lemma:

Lemma 4.12

Let X = (V; %, %) be a s/s system with a Krein signal space with inner product [-, -], let (-, ),
be an admissible Hilbert space inner product on %7, and let J be the signature operator defined
in Lemma 2.1. Denote the adjoint of £ with respect to the inner product [-,-],- by X,, and
denote the adjoint of X with respect to the inner product (-,-),,- by Zi. Then (x,(),w,(-) is a
trajectory of X, if and only if (x,(:),Jw,(+)) is a trajectory of El*.

Proof
This follows directly from Lemma 2.1 and the definition of the adjoint of a system. O

Theorem 4.13

If the two systems = and X! with the same signal space # are pseudo-similar with pseudo-
similarity operator Q, then the adjoint systems X, and 21* are pseudo-similar with pseudo-
similarity operator (Q*)~".

Proof

Choose some driving variable representations X, /5/s and chlv /s/s of X and X!, respectively, which
are pseudo-similar with pseudo-similarity operator Q (according to Proposition 3.4 this is
possible). We interpret these as i/s/o systems with input space equal to the common driving
variable space ¥ and output space equal to the signal space # . By replacing the Krein space
inner product [-,-],,- by an admissible Hilbert space inner product (-,-),- we get two pseudo-
similar i/s/o systems with Hilbert input and output spaces. For such systems it was proved in
Reference [14, Proposition 3.1] that the adjoints of these systems are pseudo-similar with
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pseudo-similarity operator (0*)~'. By Lemma 4.12, the same statement is therefore true for the
adjoints of Z4y/s/s and Zév /s/s of £ computed with respect to the original inner product [-, ], in
¥ . By Proposition 4.10 these adjoints are output nulling representations of the adjoint s/s
systems X, and 21*, respectively. By Proposition 3.4, £, and Z‘* are pseudo-similar with
pseudo-similarity operator (Q*)'. O

We end this section by introducing the adjoint of a given behaviour.

Let I be a behaviour on the Krein signal space # . It is easy to see that the set 23, of all
sequences w,(-) that satisfy condition (35) for all w(-) e I is a closed right-shift invariant
subspace of W? , Le. W, is a behaviour on the adjoint signal space W .

Definition 4.14
The adjoint of the behaviour M3 on the signal space # is the behaviour 23, defined above.

Theorem 4.15
A behaviour 2 is realizable if and only if the adjoint behaviour 23, is realizable. Moreover,

a s/s system X is a realization of U3 if and only if the adjoint s/s system X, is a realization
of W, .

Proof

Let X be a realization of 2. It is clear from Proposition 4.5 and Definition 4.14 that the
behaviour of the adjoint s/s system X, is contained in W, . Thus, it suffices to prove the opposite
inclusion, i.e. to show that each w,(-) € W, is the signal component of an externally generated
trajectory of X .

Let Zgy/5/s = ([é: g;};% LW ) be a driving variable representation of X. By Proposition

e e . . :
4.10, (Z,)s/s/on = ([(Z;)* (;/);L];%,W*,a?) is an output nulling representation of X,

meaning that the externally generated trajectories (x,(-),w,(-)) of £, are the solutions of
X, (1 1) = (A)x, ) — () w. )
0=—(BYx.0+ D) w, (), nez* (38)

x,(0)=0

This set of equations can be iterated to produce the following equivalent set of equations (cf.
formula (1.6.7))

n—1
O =0, x,0=-> () w.—k-1), =1 (39)
k=0
n—1
@) w. )+ 3 B W kD=0, nx1 (40)
k=0
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) w,0)=0 (41)

This set of equations has a solution if and only if w,(:) satisfies (40)—(41), in which case (39)
defines x,(-) as a unique function of w,(:). Thus, it suffices to show that every w,(-) e I,
satisfies (40)—(41).

The requirement that X4,/ is a driving variable representation of X means that the
trajectories (x(-),w(:)) of £ are parameterized by (24), and the requirement that w,(-) e W,
means that (35) holds for all such trajectories. In particular, taking x(0) = 0, £(0) = ¢, arbitrary
in &, and €(n) = 0 for n>1 we get the sequence w(-) € W defined by

w(0) = D'y, w(k)=C' (4B, k=1
Substituting this sequence into (35), and taking into account that £, can be any vector in ¥ we

get exactly (40)—(41). Thus, (39)—(41) have a solution (x,(-),w,(:)), meaning that w,(-) is an
external trajectory of Z,. |

Corollary 4.16
Two s/s systems X and X' with the same signal space #" are externally equivalent if and only if
the adjoint s/s systems X, and 21* are externally equivalent.

Proof
This follows directly from Theorem 4.15. O

5. PASSIVE STATE/SIGNAL SYSTEMS

We now arrive at the main theme of this paper, namely the notion of the passivity of a s/s
system.

Definition 5.1

A s/s system X = (V; 4, %), where 2’ is a Hilbert space and #" is a Krein space, is forward
passive (or forward conservative) if all its trajectories (x(-), w(-)) satisfy inequalities (3) (or
equalities (4), respectively).

It is easy to check that a s/s system X = (V;Z,# ) is forward passive (or forward
conservative) if and only if its generating subspace V is a non-negative (or neutral, respectively)
subspace of the node space K.

Theorem 5.2
A s/s system X = (V; %, W) is forward passive if and only if #" has an admissible orthogonal
decomposition W = —H[+]% where % is uniformly positive, such that the operator [é g} in the

cg’rresponding i/s/o representation i/, = ([2 gl; Z,U, ) is a linear contraction from (7] to
[‘,;7/], where the inner products in % and % are inherited from % and —¥", respectively (in
particular, % is a Hilbert space and % is a Krein space). It is forward conservative if and only if

the operator [{. 5] is isometric.
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Proof
The sufficiency of the given conditions for forward passivity or conservativity follows
immediately from the i/s/o representation of V' and the fact that forward passivity of X is
equivalent to the non-negativity of 7, whereas forward conservativity of X is equivalent to V'
being neutral.

Conversely, suppose that X is forward passive, i.e. that V' is non-negative. This means that

z

—||z||flv + ||x||?£- + [w, w],-=0 for all H € V. Taking x = 0 we find from (28) that the canonical

w.

input space % is non-negative in # . By part (1) of Proposition 2.2, % has the representation

|

for some subspace % of # . The subspace % is closed in %", since % is closed in %", and it is
uniformly positive since %, is uniformly positive. Define % = —% _[+]% ., where #_ is the
orthogonal companion to % in %", and %, = # _. This is a fundamental decomposition of %,
and # = —%[+]% is an orthogonal decomposition of #". According to (42), the orthogonal
projection of %, onto % _ is zero, so that with respect to the decomposition # = —%[+]% the
space % has the graph representation

D Du

Uy =

ue%} 42)

Ly, u

Ly,

By Lemma 1.5.7, W = —%[+]% is an admissible input/output decomposition of ¥ . That the

operator [”Cl g] in the corresponding i/s/o representation X/, is a contraction from the Hilbert

. o

space [?] to the Krein space [?] follows directly from the fact that ¥ is non-negative. Moreover,
w W

V is neutral if and only if [/ 2] is isometric. O
Remark 5.3
As the above proof shows, we can add the following conclusion to Theorem 5.2: The output
space % has a fundamental decomposition % = —%_[+]%, such that the decomposition of
[& 5] with respect to this decompositi f % has the f
c o D position o as the form
B
A B
=|C_| 0
C D
C.| D,

The property of forward passivity of a s/s system is not closed under duality: even if X is
forward passive (or forward conservative), it need not be true that the adjoint system X, =
V. &, ) is forward passive (or forward conservative). Indeed, forward passivity of X,
means that V/, is a non-negative subspace of &, . This is true if and only if ' is a non-positive
subspace of K.

Definition 5.4
Let Z=(V;Z,%") be a s/s system.
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(1) X is backward passive (or backward conservative) if the adjoint system X, is forward
passive (or forward conservative, respectively).

(2) X is passive (or conservative) if it is both forward and backward passive (or forward and
backward conservative, respectively).

Example 5.5
It easy to give an example of a s/s system which is forward passive, even forward
conservative, but not passive. We take Z = {0}, % = C, and % = C?, and define the input/

output map by
1
lyl(n)] = l ]u(n), neZ*
»a(n) 0

This system is forward conservative with respect to the inner product in #~ = C* induced by the
quadratic form

[, wles = =P + odyal + Juf?

where o is an arbitrary non-zero real number. The system is backward passive if and only if
o <0, so by taking, e.g. & = 1 we have found an example which is forward conservative but not
passive.

Theorem 5.6
A s/s system X = (V;2,#") is passive (or conservative) if and only if V' is a maximal non-
negative (or Lagrangean, respectively) subspace of the node space K.

Proof

By assertion (5) in Proposition 2.2, V' is a maximal non-negative subspace of & if and only if V' is
non-negative and V14 is non-positive in K. It is not difficult to see that ¥ is non-positive in &
if and only if V', is non-negative in &, . Similarly, V' is Lagrangean if and only if both ' and
VI are neutral in &, and this is equivalent to the statement that 1/ is neutral in & and V, is
neutral in K, . O

Theorem 5.7
Let the s/s system X = (V; 2, #") be forward passive, i.e. suppose that all its trajectories satisfy
(3). Then the following conditions are equivalent:

(1) X is passive;
(2) At least one fundamental decomposition %" = —% _[-+]# ", of #  is admissible for X.
(3) The canonical input space

V4
Uy=<SweW||0]| eV for some ze X (43)
w

is a maximal non-negative subspace of #".

When these conditions hold, then every fundamental decomposition ¥ = — % _[+]# . of W~
is admissible for X.
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Proof
Proof of (1) = (2): Suppose that (1) holds, and let # = — % _[+]#", be a fundamental
decomposition of #". Then & has the fundamental decomposition

x 0
KR=-K_[F]K],, where R_=| 0 and K, =| 7 (44)
e a

By Theorem 5.6, V' is maximal non-negative, and by part (1) of Proposition 2.2, V' has a
representation

K.
V= Ky (45)
g,

where R is defined as in (44) and K. is a linear contraction from 2, to R_. This operator has a

four block decomposition K, = [é g] € %( {I;ﬂ, [,;{D, and we may rewrite (45) in the form

Ax + Bw,

ly O x
V= = X XeX, wieW (46)
c D i/
Cx+ Dwy +wy
0 1y,

But this is an i/s/o representation of X of the type (23) with input space # . and output space
# _, and thus the decomposition %" = —#",[+]#"; is admissible for X. This proves (2), and at
the same time it proves the final statement that every fundamental decomposition is admissible.

Proof of (2) = (1): If (2) holds, then V' has representation (46). The forward passivity of X
implies that [’C‘ g] is a contraction, and by part (1) of Proposition 2.2, V' is maximal non-
negative. Condition (1) now follows from Theorem 5.6.

Proof of (2) = (3): If (2) holds, then from (46) we get the graph representation

D

Uy = Wy (47)

la

of %, where D is the same operator as in (46). The forward passivity of £ implies that D is a
contraction. By part (1) of Proposition 2.2, this implies that %, is maximal non-negative.
Proof of (3) = (2): If %, is maximal non-negative, then %, has a graph representation (47) for
some contraction D from #", to # _. By Lemma 1.5.6, this implies that the decomposition
W = —W _[+]W . is admissible for X. O

We have the following two immediate corollaries.

Corollary 5.8
A forward passive s/s system X is passive if and only if it has a scattering representation.

This follows from the definition of a scattering representation given in the introduction (see
also Section 6).
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Corollary 5.9
A forward passive s/s system X is passive if and only if the zero section 2(0) of the behaviour of
¥ is maximal non-negative.

This is true because the zero section 2W(0) of a realizable behaviour W is equal to the
canonical input space %, of each of its realizations.

Corollary 5.10

Let X = (V; %, %) be a s/s signal system which has an admissible fundamental decomposition
W= —??/[—f:—]% of the signal space. Le.t Zi/s/o. = ([é g];%, U, WJ) be the corresponding scattering
representation of . Then the following claims are true:

4 ] is a contraction from [}] to [}].
(2) X is passive and forward conservative if and only if [/ 2] is an isometry from [%] to [%].

(1) X is passive if and only if |

(3) X is conservative if and only if [ 2] is a unitary operator from [}] to [4].

Proof

All of these claims follow from Proposition 2.2, Theorem 5.6 and the graph representation (46)
of ¥ by means of the operator [} 5]. O
Remark 5.11

It follows from Theorem 5.7 that a necessary condition for the passivity of a s/s system X =
(V; &, ") is that the dimension of every admissible input space (including %) must be equal to
ind, ¥, and the dimension of every admissible output space must be equal to ind_#". Both of
these conditions are violated in Example 5.5 when o > 0.

A closer inspection of the proof of Theorem 5.7 shows that our assumption in Definition 5.1
that (V,%, ") is a s/s node is essentially redundant:

Proposition 5.12
—q
Let V' be a maximal non-negative subspace of the Krein space & = [; ], where % is a Hilbert

space and ¥ is a Krein space. Then (V,Z,#") is a passive s/s node.

Proof
We introduce the same fundamental decompositions of #” and K as in the proof of Theorem
5.7. By part (1) of Proposition 2.2, V' has a graph representation of the type (46) for some

contraction [ g]:{j;ﬂ - [fﬁ] But this means that ¥ has an i/s/o representation, and

according to Theorem 1.5.1, (V;Z,#") is a s/s node. By Theorem 5.6, X is passive. O

Corollary 5.13

Let V' be a subspace of the Krein space & = { 4;] , where ' is a Hilbert space and #" is a Krein

space. Then (V,%,%) is a passive and forward conservative (or conservative) s/s node if
and only if V' is a maximal non-negative and neutral (or Lagrangean, respectively) subspace
of K.
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This follows from Proposition 2.2, Theorem 5.7 and Proposition 5.12.

Lemma 5.14
Let T=(V,Z,%") be a s/s system with driving variable representation /s =

([g’l, g,} XL, W) and output nulling representation X/ /o := ([g:: g:’,} AW, ,%/)

(1) The following conditions are equivalent:

(a) Z is forward passive (or forward conservative);

¥ V¥ —lz 0 0 A" B
(b) [Eﬁ} lg Eg” 0 1y 0 [[ly 0]=0(r=0).%
0 0 1y D

(2) The following conditions are equivalent:

(a) X is backward passive (or backward conservative);

_ 1%. 0 0 (A//)* (C//)* )
0 1y 0 ly 0 |>0(or=0)%

A" 13[ B :|
0 0 la;p" (B//)* (D//)*

(b) |: C/l 0 Dl/

(3) The following conditions are equivalent:

(a) X is passive (or conservative);
(b) Both (1)(b) and (2)(b) hold.

Proof
This equivalence follows from (21), (22), Proposition 4.10, and Definitions 5.1 and 5.4. O

6. PASSIVE SCATTERING REPRESENTATIONS AND SCATTERING MATRICES

Let X=(V;Z,#") be a passive s/s system, and let # = —#[+]% be a fundamental
decomposition of # . By Theorem 5.7, this is an admissible input/output decomposition of
#, and by Corollary 5.10, if we denote the corresponding scattering representation by %/, =

([2 2;2,%,%), then [} 2] € #([}]; [4]) is a contraction. This is equivalent to the statement

that all its trajectories (x(-), u(-), y(+)) satisfy (9). If X is, in addition, forward conservative, then
(10) holds.

* The left-hand side should be non-negative in the Hilbert space [;] In addition to identifying the duals of the Hilbert

spaces 2’ and ¢ with themselves we have here also identified the dual of the Krein space # with # itself (instead of
_using the anti-dual described at the beginning of Section 4). )
% The left-hand side should be non-negative in the Hilbert space [f/]

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (in press)
DOI: 10.1002/rnc



D. Z. AROV AND O. J. STAFFANS

Definition 6.1

An i/s/o system Zi;o = ([& B]; 2, %, %), where 2, % and % are Hilbert spaces, is called a
passive scattering i/s/o system if all its trajectories (x(-),u(:), y(-)) satisfy inequalities (9). The
input/output transfer function (26) is called its scattering matrix. 1f the trajectories of Xj//,
satisfy Equations (10), then we call %5/, a forward conservative i/s|o scattering system, and if

both %/, and the adjoint i/s/o system 2;“/5 o = ({f;: gz};%’ , Y, J?/) are forward conservative,

then we call Z;/5/, a conservative i/s/o scattering system.”

The above definition makes no reference to backward passivity. This is due to the fact that for
a scattering i/s/o system already the forward inequalities (9) are strong enough to imply that the
system is passive, i.e. also the adjoint system satisfies the corresponding inequalities, since in the
case of Hilbert input and output spaces [é g] is a contraction if and only if g: gﬂ is a
contraction.

Given any passive (or forward conservative or conservative) i/s/o system X/, =
([& B);2,%,%) we can define a signal space # by # = —%[+]%, after which we get a
passive (or passive and forward conservative or conservative, respectively) s/s system X =
(V:Z, ") for which Z;  , is an passive scattering representation. Conversely, by Corollary 5.10,
every scattering representation X0 = ([& B]: 2, % 4+, #'_) of a passive s/s system X
corresponding to some fundamental decomposition # = —% _[+]# . of # is a passive
scattering i/s/o system. Thus, the existence of a passive scattering representation is a necessary
and sufficient condition for the passivity of a state signal system (cf. Corollary 5.8). By the family
of scattering matrices of a s/s system X we mean the family of all the scattering matrices of its
scattering representations.

The theory of discrete time passive scattering systems has been developed, e.g. in the works
[25-32] (continuous time versions are given in, e.g. References [20,22-24,33-39]). Among
others, the following facts are known (cf. Corollary 5.10):

(1) An ifs/o system i/ = ([& 5] 2, %, %), where Z, %, and % are Hilbert spaces, is
passive (or forward conservative or conservative) scattering system if and only if the
operator [ 5] € #([}]; [,]) is contractive (or isometric or unitary, respectively).

(2) The scattering matrix D of a passive scattering i/s/o system X/, is defined (at least) in
the open unit disk D = {z € CJ|z| <1}, and D|p belongs to the Schur class S(D; %, %) of
B(U; % )-valued contractive holomorphic function on D.

(3) Every function in S(D; %, %) has a representation as the restriction to D of the scattering
matrix of some passive scattering i/s/o system X/, = ([é g];%, ,%). This system is
called a passive scattering realization of the given Schur function.

It is possible to take the realization %/, in (3) to be minimal (i.e. controllable and observable),
and all such minimal realizations are pseudo-similar to each other [14,27,28]. Another
alternative is to take X/, in (3) to be controllable and forward conservative (or observable and
backward conservative), and such a realization is unique up to a unitary similarity
transformation in the state space [25, Theorems 2.2.1 and 2.2.2]. A third possibility is to take
it to be conservative and simple, and also this realization is unique up to a unitary similarity

¥ References [20-24] use the term ‘energy preserving’ for the systems that we call forward conservative scattering
systems.
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transformation in the state space [25, Theorem 2.3.1]. In particular, this implies the following
result.

Proposition 6.2

Let ¢ belong to the Schur class S(D; %, %) for some Hilbert spaces  and %. Then there exists a
simple conservative s/s system X = (V; 2, #") such that %" = —#%[+]% is a fundamental decom-
position of ¥, and such that the corresponding scattering matrix © of X satisfies D|p = ¢.
This system is determined uniquely by ¢ up to a unitary similarity transformation in the state space.

The general Theorems 1.59 and 1.6.5 on the relationships between different i/s/o
representations of a s/s system X and their transfer functions remain valid in the following form:

Theorem 6.3
Let £ = (V;Z,%") be a passive s/s system. Let # = —# _[{]W = =" [+]#", be two
fundamental decompositions of #~, and denote the corresponding scattering representations of

T by Zijso = ([& Pls 2, W 1, W), respectively, Zil/s/o = ({éi gﬂ;&r’ v, W/,). We denote the
. Az) B)| _ [ Qe—za)' z(lg—z4)'B A (2) Biz)

four block transfer functions by [G(Z) .D(ZJ = {(1,.—:%1)*‘0 zC(l,,—zA)’lB-o—D} and |:¢11(5) 3:(2)},

respectively (so that the scattering matrices are ® and D, respectively). Finally, we define!!

(@11 On| [Pyly. Pyly,

0= = (48)
1O21 On | [ Pyly Pyly, ]

. [0 61] Py Ly Pyl

0= O (49)
| Oy Oy | Py Ly Py ly,

(1) The operators ®,; D + @y, and ©,; — DO,; have bounded inverses.
(2) The operators 4, By, C;, and D; are given by
-1

Ay B A B 1y 0
= (50)
Ci D 01C O 1D+0O||0C OyD+ Oy
or equivalently,
Ay = A~ B(©y D+ 0xn) '0yC
B, = B(®yD + @22)71
(51)

Cy =0,C— (@D + 02)(@D + 0xn) 'Oy C

Dy = (01D + 02)(0 D + Oyp) !

I'The projections in (48) are orthogonal with respect to the original Krein space inner product of %" and also with
respect to Hilbert space inner product (-, ), @ » but not, in general, with respect to the Hilbert space inner product
G, -),,,/-7®,,,/-+. A similar comment applies to the projections in (49).
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and they are also given by the formulas

ra B®,,

C -0+ DOy,

1y —B®~21
0 @]1 — D®~2]

A1 B

(52)
Cy D

or equivalently,
A=A+ B@z](én — Dézl)ilc

B) = BOy + BO» (O — DOy) '(—012 + DO»,)
5 5 (53)
C1= (01— DOy 'C

D, = (®~11 - D®21)71(—®12 + D®~22)
(3) For all ze A4 the following conditions are equivalent:

(@) ze Ay,
(b) The operator @, D(z) + Oy, has a bounded inverse.

ly—zA4 —zB s
(¢) The operator { ®nC OuD +®22] has a bounded inverse.

(d) The operator ©;; — D(z)O-; has a bounded inverse.

(e) The operator |:1./sz —zB o

T D(:)z1:| has a bounded inverse.

(4) For all ze Ay n Ay, (in particular, for all z e D),

-1

Ay(z) Bi(2)
Ci@ D)

AC) B(2)
01C(z) 0D()+ 0

1, 0
0,6(z) OD(2) + O

(54)
1y 0 !

0C O;D+0

ly —zA —zB
0, C 03D+ 0

or equivalently,

A (2) = A(2) — B(2)(O2D(2) + On) '@, E(2)
B1(2) = B(2) (01 D(z) + O) !

(55)
€i(z) = ©11€(2) — (@11 D(2) + ©12)(O21D(2) + On) '02€(2)

Di(2) = (©11D(2) + ©12)(O D(2) + On) !
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(5) For all ze A4 n Ay, (in particular, for all z € D),

[ Ly —B(2)02

-1

Wi(z) Bi(2) A(2) B(2)02n

Ci(z) Di2) 0 Oy — D)0y €z) —On+ D)0
3 . 5 (56)
ly — zA —zB0» [ 1o zBO®y
- —-C 0O — DOy, 0 -0+ DOy,
or equivalently,
Aj(2) = AE) + B()O2 (O — D(2)O21) ' €(2)
Bi(2) = B(2)O + B(2)021(O11 — D(2)O21) ' (—O12 + D(2)O2)
; : (57)
€i(2) = (O — D(2)Oy1) '€(2)
Di(2) = (O — D(2)O21) (O + D(2)On)
Proof
Most of this follows from Theorem 5.7 and Theorems 1.5.9 and 1.6.5 (use Schur complements to
verify the additional claims in part (3) and in formulas in (54) and (56)). O
Corollary 6.4
Let Z(V; Z, %) be a passive s/s system.
(1) To each fundamental decomposition ¥ = —# _[+]# . there corresponds a unique

scattering matrix D, and D|p belongs to the Schur class S(D; # ., # ).

(2) The set of all the scattering matrices of X can be parameterized in the following way. Let
D be a fixed scattering matrix corresponding to some fundamental decomposition %~ =
—W _[+]# ;. Then the scattering matrix D, corresponding to an arbitrary fundamental
decomposition # = —#"_[+]#" of #" is given by the linear fractional transformations

Di(2) = (©1D() + 1)@ D(2) + O2) !

(58)
= (01 — D(2)02) (=01, + D(2)O1)

whose coefficient matrices ® and © are given by (48) and (49).

This follows directly from Theorem 6.3.

7. ORTHOGONAL DILATIONS AND COMPRESSIONS

In Section 8 of Part I we introduced the notions of a dilation and a compression of a s/s systems
and studied some of their properties. In the development of a passive s/s systems theory it is
necessary to work with orthogonal dilations and compressions.
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Definition 7.1

The s/s system = = (V;Z,#") is an orthogonal dilation of the s/s system = = (V;Z, %), or
equivalently, the s/s system X is an orthogonal compression onto Z of the s/s system X, if the
following conditions hold:

(1) Z is a closed subspace of Z. :

(2) If (X(-), w(-)) is a trajectory of X on Z* with %(0) € Z, then (P4 X(-), w()) is a trajectory of
onZ".

(3) There is at least one decomposition 7" = %+ of W which is admissible for both
Y and X.

In other words, X = (V; &, #") is an orthogonal dilation of X = (V; %, ") if it is a dilation
along & = & © X of T in the sense of Definition 1.8.1. We recall from Lemma 1.8.2 that the two
systems 3 and ¥ in Definition 7.1 always are externally equivalent. In particular, it is possible to
replace condition (3) above by the following condition, which is equivalent to (3) whenever (1)
and (2) hold:

(3) The behaviours of ¥ and T have the same zero sections.

All results obtained for general (non-orthogonal) dilations and compressions in Section 1.8
remain valid in the orthogonal case with the simplification that the space Z in the direct sum
decomposition & = Z+2 along which the dilations and compressions were taken is now fixed
to be = 4 © Z. This applies also to orthogonal dilations and compressions of i/s/o systems.

In particular, the i/s/o system fi/s/o = ({g g};?}, U, @) is an orthogonal dilation of the i/s/o

system Zi/s0 = ([& 5] 2, %, %), or equivalently, ; 5/, is an orthogonal compression onto 2" of
fi/s/o, if 2 is a closed subspace of 4 and the following condition holds: For each x, € 2 and
each input sequence u(:) € UL the corresponding trajectories (X(-), u(-), 7(-)) and (x(-), u(-), y(+))
of fi/s/o, respectively, X;//,, with initial state £(0) = x(0) = xo, satisfy x(-) = P»%(-) and j(-) =
(+). These notions play an essential role in passive i/s/o systems theory, as can be seen from, e.g.
References [27, 28, 40—43].***

For the convenience of the reader, let us repeat the following definition and recall the
following theorem from Part I.

Definition 7.2
Let Z = (V;%,%") be a s/s system.

(1) A closed subspace Z of Z is outgoing invariant for X if to each xy € Z there is a (unique)
trajectory (x(-),0) of ¥ with x(0) = x, satisfying x(n) € Z for allne Z*.

(2) A closed subspace & of Z is strongly invariant for Z if every trajectory (x(-), w(-)) of
with x(0) € & satisfies x(n) € & for allne Z".

***In passive systems theory only orthogonal dilations are relevant, and the word ‘orthogonal’ is therefore usually not
written out explicitly.
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Theorem 7.3
Let X =(V;%,%") be a s/s system. We denote the reachable subspace of ¥ by R and define
O = U+, where 2 is the unobservable subspace of . Define

X, =PoR, Z.= Py

-, %,
K= 2 |, K= 4. (59)
e v/

and let ¥, and V, be the following subspaces of ] and K., respectively:

[Py 2] z
V.= x xeZ., | x| eV
L w w
[ Py.z] z
Vv, = X xeZ. |x|eV (60)
R w

ThenbothX = (V;Z.,#)and X, = (V,; Z.,#") are minimal s/s systems which are orthogonal
compressions of X.

Proof
Apply Theorem 1.8.18 to the orthogonal setting. O

Remark 7.4

In Part I we defined a s/s system to be minimal if it did not have any non-trivial compression,
without requiring this compression to be orthogonal, and we also showed that this is equivalent
to the system being both controllable and observable. We can now conclude that every non-
minimal s/s system has, in fact, even a non-trivial orthogonal compression which is minimal: if X is
not minimal, then at least one of the orthogonal compressions . and X, in Theorem 7.3 is non-
trivial, and they are both minimal.

We shall not here rewrite the rest of Section 1.8 in an orthogonal setting. Instead, we shall
develop that theory further by studying aspects related to adjoint systems and to passive and
conservative systems.

Theorem 7.5

Let the s/s system = = (
Then the adjoint ¥, =
V. Z,m,)of X.

17;~ N,“{/) be an or}hogonal dilation of the s/s system X = (V;Z,#").
V%, ,) of £ is an orthogonal dilation of the adjoint X, =
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Proof

Define 2, and X, to be the adjoints of ¥ and X, respectively. Recall from Lemma 1.8.2 that
and X are externally equivalent, so in particular, their behaviours have the same zero section
MW(0). By Proposition 4.4, the zero section 23, (0) of the behaviour of the adjoint system is given
by 2, (0) = MW(0)+”, and therefore the zero sections of the behaviours 23, , respectively, 23,
must coincide.

Let (%,(-),w,(-)) be a trajectory of X, with %,(0) € 4. We claim that (x,(-), w,(-)) with
x,() = PgX,(-) is a trajectory of X,. According to Proposition 4.6, to prove this it suffices to
show that (34) holds for all trajectories (x(-), w(-)) of £ and all n € Z*. Since X is an orthogonal
dilation of Z, to each trajectory (x(-), w(-)) there corresponds a (unique) trajectory (X(-), w(-)) of =
with %(0) = x(0) such that x(-) = P4%(-). By Proposition 4.5 (applied to the system X and its
adjoint), for allne Z*,

—(X(n + 1),x,(0)7 + (x(0), X (n+ 1)z + > _ k), w, (= K)oy =0
k=0

This is equivalent to (34) since x(-) = PyX()) and x, () = PzX,(:). Thus, (x,(),w.()) with
x,() = PyXx,(-) is, indeed, a trajectory of X, for every trajectory (X,(-),w,(:)) of X, with
X, 0)eZ. O

Proposition 7.6

Let £ = (V; %, ") be an orthogonal dilation of the s/s system = = (V; %, #"). Suppose that
%, & © Z is an outgoing invariant subspace for % such that Z, @ Z is a strongly invariant
subspace for 2.7 Define #,, = & © ( ® Z,). Then Z,, is an outgoing invariant subspace
for £, such that %,, @ Z is a strongly invariant subspace for X, .

Proof

We begin by proving that &, , is outgoing invariant. By Lemma 1.8.6, &, @ 2 < R, where R is
the reachable subspace of 3. Hence, by Proposition 4.7, &,, < R =, where %, is the
unobservable subspace of %, . This implies that for every X, € %,, there exists an unobservable
trajectory (£, (-),0) of X, with £, (0) = %,. To show that Z,, is outgoing invariant we must still
show that each such trajectory satisfies X,(n) < %,, for all n>=1, or equivalently,
X,(n) L(Z,® %) forall n=1. Fix an arbitrary Xy € &, @ Z, and let (%(), w(-)) be a trajectory
of ¥ with %(0) = %y. Then £(n) € Z, @ X, neZ", since Z, @ X is strongly invariant. Thus,
since x, (0) = Z,,, we have %(n) L x, (0) for every such trajectory (%(-), w(-)) and every n e Z™.
By using Proposition 4.5 (with I replaced by X) we then find that

(Fo, X, (n+ 1)), =0, neZ"
This being true for all %y € %, @ 2, we must have X,(n) e X © (X @ ¥,) = Z,, for all n>1.
This proves that & ,, is outgoing invariant.

The proof of the claim that Z,, @ % is a strongly invariant subspace for X, is similar to the
one above, and we leave it to the reader. O

T The existence of such a subspace follows from the orthogonal version of Theorem 1.8.7.
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Proposition 7.7
Any orthogonal compression of a passive s/s system is passive.

Proof
Let X = (V;Z,#") be an orthogonal compression of the passive s/s system X = (V; 2, #).

}eﬁ.

The non-negativity of ¥ gives us —||z~||3j+||x||§[+[w, wly-=0. As ||z||4<||Z]]; this implies

= ot

W,

=

Then, for every H € V we know that z is of the form z = P42 for some Z € Z such that [

that also —||z||_%l + ||x||§f + [w,w],-=0. Thus, V is a non-negative subspace of the node space
-7

K= [ 1{] Since the two systems are externally equivalent they have the same zero section %,

defined in (43) (this subspace coincides with the common zero section of the behaviours of the

two systems), and this subspace is maximal non-negative since ¥ is passive. By Theorem 5.7, X is

passive. 0

Corollary 7.8
Let X be a passive s/s system, and let X, and X, be the orthogonal compressions of X defined in
Theorem 7.3. Then X, and X, are minimal passive s/s systems.

Proof
See Theorem 7.3 and Proposition 7.7. O

Theorem 7.9

Every passive s/s system X = (V; %, #") has a conservative orthogonal dilation. It is possible to
choose this dilation to be minimal in the sense that it does not have any non-trivial orthogonal
compression which is still a conservative orthogonal dilation of X. Any two such minimal
conservative orthogonal dilations of X are similar to each other with a unitary similarity
operator Q, which satisfies the extra condition Ql, = lg-.

Proof

Let W =—#_4%, be a fundamental decomposition of #7, and let Xy, =
([4 2]:2, % 1, % ) be the corresponding i/s/o representation of ¥ (see Theorem 5.7). This
representation is scattering passive. By, for example, [40, Proposition 9] or [28, Theorem 2.1],

%i/s/o has an orthogonal scattering conservative i/s/o dilation fi/s/o = ([g g};ﬁ”, “f/,,“f/+),

and it can be chosen to be minimal in the sense that it does not have any non-trivial orthogonal
i/s/o compression which is still a conservative orthogonal dilation of Z;/s/,. Moreover, any two
such minimal conservative orthogonal i/s/o dilations of £ are similar to each other with a
unitary similarity operator Q which satisfies the extra condition Q|; = 14. This fact combined
with Lemma 1.8.22 gives us Theorem 7.9. O

8. PASSIVE BEHAVIOURS AND THEIR REALIZATIONS
We begin by defining what we mean by a passive behaviour.
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Definition 8.1
By a passive behaviour we mean a behaviour 2 on a Krein space %~ with following two
properties:

(1) Z;;T:o [w(n), w(n)]=0 for all w(:) e W and all T € Z*.

(2) The zero section W(0) = {w(0)|w € W} is a maximal non-negative subspace of # .

Proposition 8.2
The behaviour of a passive system is passive.

Proof
This follows from the inequality

n

Ix(2 + DI = x5 < > [wk), wk)ly, neZ* (61)
k=0

which is an immediate consequence of (3), together with Theorem 5.7, and the fact that the zero

section WMW(0) coincides with the canonical input space %. O

A generalization of Proposition 8.2 will be given in Proposition 9.5, and a partial converse to
Proposition 8.2 will be given in Proposition 8.11.

Proposition 8.3
Let  be a forward passive s/s system, and let 2 be its behaviour. Then

(1) MW satisfies condition (1) in Definition 8.1.
(2) X is passive if and only if 2 is passive.

Proof
This, too, follows from (61), Theorem 5.7, and the fact that the zero section 23(0) coincides with
the canonical input space %. O

Theorem 8.6 below contains another partial converse to Proposition 8.2: every passive
behaviour can be realized by a passive s/s system. The proof of this result is based on the
following lemma.

Lemma 8.4

Let 2B be a behaviour on # satisfying condition (2) in Definition 8.1, and let # = — %" _[+]#
be a fundamental decomposition of #". Then, for every sequence w(-) € #~ ? there exists at
least one sequence w(-) € W such that w(n) = Py, w(n) for all n e Z" (that is, the orthogonal
projection of I onto ¥~ _Zf is surjective).

Proof
Fix some arbitrary w.,(-) € #~ ?. We shall construct the needed sequence w(-) recursively.

By assumption (2) and part (1) of Proposition 2.2, there is some w(0) € I(0) such that
Py, w(0) = wy(0). The condition w(0) e W(0) means that w(0) = we(0) for some sequence
wo(-) € W
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Suppose that we have been able to find w(0),..., w(n) such that the sequence {w(k)};_, is the
restriction to [0,#7] of some w,(-) € 4B, and such that Py w(k) = wi(k) for all k<n. We then
choose some w(n + 1) € MW(0) such that Py w(n +1) = w (n+ 1) — Py w,(n + 1). By the right-
shift invariance of W, there is a sequence v, ((-) € W such that v, (k) = 0 for k<n, and such
that v, 1(m 4+ 1) = w(n + 1). Define w,,1(-) = w,(:) + v,(-). Then the sequence {w(k)}}ji(l) is the
restriction to [0,7 + 1] of wy,41(-) € W, and Py, w(k) = w, (k) for all k<n + 1. By induction we
get a sequence w(-) with the property that Py w(k) = w..(k) for all k e Z™, as well as a sequence
{wy, g)}n o> Where each w,(-) e W, such that w(k) = w,(k) for all k<n. Clearly, w,(-) = w(-) in
W asn — 00, and since MW is closed and each w, € W, we must have w(-) € W. O]

Proposition 8.5
If the behaviour W of a s/s system X = (V;%,#") is passive, then every fundamental
decomposition of ¥ is admissible for X.

Proof

Let # = — W _[+]# ", be a fundamental decomposition of #°, and denote % = # ", and ¥ =
W _. Let ue t>(Z*;%). By Lemma 8.4, there exists some y(-) € #”" such that the sequence
w(-) = (u(-), (-)) belongs to W. The passivity of MW and the fact that # = — W[+« is a
fundamental decomposition of % implies that for all n e Z*,

n n
D I < Y lue)l, (62)
k=0 k=0
By Definition 1.7.4, the decomposition ¥ = —%[+]% is admissible for W, hence by Theorem
1.7.5, it is also admissible for X. O

Theorem 8.6
Let 28 be a passive behaviour on #.

(1) MW has a simple conservative realization, which is unique up to a unitary similarity
transformation in the state space.

(2) W has a controllable passive and forward conservative realization, which is unique up to
a unitary similarity transformation in the state space.

(3) 23 has an observable passive and backward conservative realization, which is unique up
to a unitary similarity transformation in the state space.

Proof

Let #" = —# _[+]# ", be a fundamental decomposition of #°, and denote # = # " and ¥ =
W_. Letue C(Z ;). Then by (62), ¥() € (7" ;%). Inequality (62) together with the fact 23 is
a linear subspace of #7Z 1mphes that the sequence y(-) is unique, and that the mapping D from
u(-) to y(-) is a linear contraction from ¢*(Z";%) to ¢*(Z*;%). The right-shift invariance
of M implies that D is right-shift invariant, too. The symbol D of ® is a Schur function
(a contractive analytic function) in the unit disk D (see, e.g. Reference [44, Lemma 3.2, p. 195]
or [23, Theorem 10.3.5 and the remark on p. 703]). We can now use a standard i/s/o result to
realize D as the transfer function of a simple conservative (or controllable passive and forward
conservative, or observable passive and backward conservative) i/s/o system Z;/,, and all of
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these realizations are unique up to a unitary similarity transformation in the state space; see, e.g.
Reference [25, Theorems 2.2.1, 2.2.2, and 2.3.1]. The input/output map of the resulting system
will be equal to D, and the graph of D is the given passive behaviour 8. The system X; ; /, can be
interpreted as a scattering representation of a passive s/s system X which is conservative and
simple (or controllable passive and forward conservative, or observable passive and backward
conservative). This system is still unique up to a unitary similarity transformation in the state
space. O

The realizations given in Theorem 8.6 need not be minimal. Minimal passive realizations also
exist (see Proposition 8.9 below). Not all of these minimal realizations have the property that
their minimal conservative orthogonal dilation (given in Theorem 7.9) is simple. This follows
from Corollary 1.5.5. and Lemma 1.8.22 combined with the fact that the same claim is true for
orthogonal scattering conservative dilations of passive i/s/o systems, as shown by an example in
Reference [29, Section 6].

Proposition 8.7
The adjoint W, of a passive behaviour 2B is passive.

Proof

Let £ be one of the passive realization of 2 given in Theorem 8.6. Then also the adjoint s/s
system X, are passive. By Theorem 4.15, 2, is the behaviour induced by X,, and by
Proposition 8.2, 33, is passive. O

Definition 8.8
A passive s/s system has minimal losses if its minimal conservative orthogonal dilation is simple.

Passive s/s systems with minimal losses are important, e.g. for the theory of Darlington
representations. We shall return to this elsewhere.

Proposition 8.9

Every passive behaviour 23 has a minimal passive s/s realization with minimal losses. More
precisely, if X is the simple conservative realization in part (1) of Theorem 8.6, then the two
compressions X and X, constructed in Theorem 7.3 are minimal passive s/s systems with
minimal losses which also realize the same behaviour 2.

Proof

Define X, £, and X, as described above. By Remark 7.4, both X, and £, are minimal and
passive, and they have minimal losses since they have a simple conservative dilation, namely X.
Finally, by Lemma 1.8.2, ¥ and X, have the same behaviour as X. O

Remark 8.10

The realization in part (2) of Theorem 8.6 can be obtained from the one in part (1) through an
orthogonal compression onto the reachable subspace. This means that the system X in
Proposition 8.9 is the orthogonal compression of the system in part (2) of Theorem 8.6 to the
orthogonal companion of the unobservable subspace. Analogously, the realization in part (3) of
Theorem 8.6 can be obtained from the one in part (1) through an orthogonal compression onto
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the orthogonal companion of the unobservable subspace, and the system X4 in Proposition 8.9
is the orthogonal compression of the system in part (3) of Theorem 8.6 to the reachable
subspace.

As the following proposition shows, the behaviour of a s/s system Z can be passive even if X
itself is not passive.

Proposition 8.11
Let Z=(V;Z,#") be a s/s system.

(1) If X is pseudo-similar to a passive system, then the behaviour of X is passive.
(2) If £ is minimal and the behaviour of Z is passive, then X is pseudo-similar to a passive
system.

Proof

Assertion (1) follows from Propositions 3.3 and 8.2. Conversely, suppose that X is minimal and
that the behaviour 2 of X is passive. By Proposition 8.9, 28 has a minimal passive realization
2, and by Proposition 3.3, ¥ is pseudo-similar to X;. O

We shall say more about this in the next section.

9. H-PASSIVE STATE/SIGNAL SYSTEMS

In this section we extend the notion of passivity by allowing a non-trivial storage function in the
state space. This storage function is induced by a positive self-adjoint operator H in the state
space Z (i.e. H is self-adjoint and (x, Hx) > 0 for every non-zero x € Z(H)). Every such operator
has a unique positive self-adjoint square root, which we denote by H'/2. The inverse of this
square root is denoted by H~!/2.

Definition 9.1
LetZ = (V; %, %) be a s/s system with a Hilbert state space # and a Krein signal space %", and
let H be a positive self-adjoint operator in Z.
(1) X is forward H-passive if for any trajectory (x(-), w(-)) of T with x(0) € Z(H'/*) we have
x(n) € 2(H'?) and

1E x4+ DIE = [1H' 2l < D), wm)] (63)

forallneZ*.

(2) X is backward H-passive if the adjoint s/s system X, is forward H!-passive, i.e. if
for any trajectory (x,(),w,(-)) of T, = (V,.;Z,#",) with x,(0) € 2(H'/?) we have
x,(n)e 2(H'/?) and

IH ' 2x, (n+ DIG = 1H x5 <[w. (0, w, ()] (64)

forallneZ*.
(3) X is H-passive if it is both forward and backward H-passive.
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In particular, if X is forward H-passive and if (x(-), w(-) is an externally generated trajectory of
T (i.e. x(0) = 0), then x(n) € Z(H'/?) for all n € Z*. Likewise, if ¥ is backward H-passive and if
(x,(-),w,(-) is an externally generated trajectory of X, then x,(n) € Z(H /%) for all ne Z".
Also note that 1,-passivity is equivalent to passivity, and that X is H-passive if and only if the
adjoint system X, is H~'-passive.

Lemma 9.2
Let X = (V;Z, %) be a s/s system with a Hilbert state space 2 and a Krein signal space #", and
let H be a positive self-adjoint operator in Z.

(1) X is forward H-passive if and only if the conditions H e V and x € Z(H'?) imply that
ze 9(H'?), and "

z

1H P2l — 12X <Dv,wly lx

W

eV, xeg(H'? (65)

(2) T is backward H-passive if and only if the conditions F} eV, and x, € Z(H '/?)

w,

imply that z, € 2(H~'/?), and

WH Pz |5 = IH x5 < — e wilys | Xe | eV, x, e RZH?)  (66)
w,

We leave the easy proof of this lemma to the reader.

Definition 9.3

A positive self-adjoint solution H of (65) is called a generalized solution of the s/s forward KY P
inequality for the s/s system X, and a positive self-adjoint solution H of (66) is called a
generalized solution of the backward s/s KYP inequality. By a generalized solution of the s/s KYP
inequality we mean a positive self-adjoint operator H that satisfies both (65) and (66).

We denote the set of all generalized solutions of the forward s/s KYP inequality for £ by M3,
we denote the set of all generalized solutions of the backward s/s KYP inequality for ~ by M5,
and we define My = M{ n Mg. The connection between these sets will be explained in
Proposition 9.9 below.

Lemma 9.4

Let X = (V;Z,#%") be a s/s system with a Hilbert state space Z and a Krein signal space #~, and
let H be a positive self-adjoint operator in Z. Then X is forward H-passive if and only if
H e M{, T is backward H-passive if and only if H € My, and X is H-passive if and only if
He Mz.
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Proof
This follows immediately from Lemma 9.2 and Definition 9.3. O

Proposition 9.5
The behaviour of an H-passive system is passive.

Proof

The H-passivity of a s/s system X means that it is both forward and backward H-passive. It
follows from (65) that the zero section 2(0) of the behaviour W of X is non-negative in #~, and
it follows from (66) that the zero section 2B, (0) of the adjoint behaviour 283, induced by X, is
non-negative in %, . We recall from Proposition 4.4 that 9, (0) = MW(0)<*”, hence W) =
JW, (0) is non-positive in #". By part (5) of Proposition 2.2, M(0) is maximal non-negative in
. By iterating (63) (starting with » = 0 and x(0) = 0) we find that 9 also has property (1) in
Definition 8.1. Thus, 23 is passive. O

Theorem 9.12 given below is a partial converse to Proposition 9.5.

The above KYP inequalities can be reformulated by using different representations of X
(driving variable, output nulling, or i/s/o0). For example, suppose that #" has an orthogonal
admissible decomposition W~ = —#[+]%, where % and % are Krein spaces in the inner product
inherited from ¥~ (this is a fundamental decomposition if % and % are Hilbert spaces). We
denote the corresponding i/s/o representation of £ by Zi/s/0 = ([¢ 5]; 2. %,%). In terms of this
representation, H € My if and only if

AD(H'?) < 9(H'?), BU = 9(H'?) (67)
and
|H'*(Ax + Bu)lly, — | H' x|l <[u, ul,
— [Cx + Du,Cx + Dul,, xeZ(H"Y?), ueu (68)
By the same argument combined with Proposition 4.11, H € My if and only if
A*R(H'?) = 2(H'?), C*Y < RH'?) (69)
and
IH' (A%, + Coy ol — 1H P, G <D p.dy
— [B*x, + D*y,, C*x, + D*y. 1y, x.€RH?), y,e¥ (70)

Thus, the set of positive self-adjoint solutions of (67)—~(68) is the same as the set My of positive
self-adjoint solutions of (65), and the set of positive self-adjoint solutions of (69)—(70) is the same as
the set M5 of positive self-adjoint solutions of (66). In the case where H is bounded the condition
(67) holds automatically, and condition (68) may be rewritten as inequality (12) in the Krein
space X[+]%.

More generally, it is possible to study the solutions H of (67)-(68) and (69)—(70)
corresponding to an arbitrary i/s/o system %/, = ([& 5]: 2, %,%) without any reference to
an underlying s/s system. Here we allow % and % to be Krein spaces. In this case, we refer to
(67)—(68) and (69)—(70) as the forward, respectively, backward, generalized transmission KYP
inequalities. We call %5/, forward or backward H-passive if H is a generalized solution of the
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forward or backward transmission KYP inequality, and we call X/, H-passive if it is both
forward and backward H-passive. When % and % are Hilbert spaces we replace the word
‘transmission’ by ‘scattering’.

We denote the set of all generalized solutions of the forward transmission (or scattering) KYP
inequality for %/, by Mz , we denote the set of all generalized solutions of the backward
transmission KYP 1nequa11ty for Zi/s/0 bY M2 , and we define My, = My

N M5 .
i/s/o i/s/o 21/5/0
The above discussion may be summarized as follows

Proposition 9.6
Let X = (V;%,%") be a s/s signal system which has an admissible orthogonal decomposition
W =Y+ of the signal space. Let i = ([& 5];%.%,%) be the corresponding
transmission representation of . Then the following claims are true:

(1) X is forward H-passive if and only if X/, is forward H-passive, i.e. My = My o'
(2) Z is backward H-passive if and only if Z;//, is backward H-passive, i.e. My = My
(3) X is H-passive if and only if Z;/s/, is H-passive, i.e. My = My

Mz_// and My

Zi/s/o”
i/sfo "
Thus, in particular, the sets My

i, are independent of the particular
orthogonal decomposition #~ = dJ

i/s/o

As our next proposition shows, if the decomposition ¥ = —#[-+]% is fundamental, so that
Xi/s/o 18 a scattering representation of Z, then forward and backward H-passivity are equivalent,
so that in this case My = My = M. This was first proved in a i/s/o setting in Reference [14].

Proposition 9.7
Let Z = (V;Z,%") be a s/s signal system which has an admissible fundamental decomposition
W = —H[+]U of the signal space. Then the following claims are equivalent:

(1) X is forward H-passive,
(2) X is backward H-passive,
(3) X is H-passive.

Proof

Let Zis/o = ([& pl; %, %,%) be the scattering representation of I corresponding to the
decomposition # = —#[+]%. Then, by Proposition 9.6, X is forward H-passive if and only if
%i/s/o is forward H-passive. By Reference [24, Proposition 4.6], Z;/q/, is forward H-passive if and
only if it is backward H-passive. Thus, (1) and (2) are equivalent. O

Theorem 9.8
Let the s/s system X = (V;4,%) be forward H-passive. Then the following conditions are
equivalent:

(1) X is H-passive;

(2) At least one fundamental decomposition ¥ = —%[+]% of #  is an admissible input/
output decomposition for X.

(3) The zero section V3(0) of the behaviour W of T is a maximal non-negative subspace of
W.

(4) The behaviour 2 of X is passive.
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If these conditions hold, then every fundamental decomposition W = —H[HU of W is
admissible.

Proof
By Proposition 9.5, (1) = (4). Trivially, (4) = (3), and by Corollary 5.9, (3) = (1). By
Proposition 8.5, (4) = (1), and by Proposition 9.7, (2) = (1). O

Proposition 9.9
If both My and My are non-empty, then My is non-empty as well, and My = My = M.

Proof

Let H € My and H, € M5 . It follows from (65) that the zero section 23(0) of the behaviour M of
% is non-negative on ¥, and it follows from (66) with H replaced by H, that the zero section
MW, (0) of the adjoint behaviour W, induced by X, is non-negative in ¥ ,. Continuing in the
same way as we did in the proof of Proposition 9.5 we find that 23(0) is maximal non-negative in
# . By Theorem 9.8, H € My. Thus, M§ = Ms. The same argument applied to the adjoint
system shows that also My < My. O

Remark 9.10

It is possible that one of the two sets My and My is empty and the other non-empty. This is
true, for example, in Example 5.5, where M #0 (it contains the identity) but My = @ (it must
be empty, since otherwise the system would be passive).

Proposition 9.11
Let X = (V;Z,#") be a minimal s/s system with Hilbert state space Z and Krein signal space #".

(1) If £ is H-passive for some H, then X is pseudo-similar to a unique passive system
Yy = (Vg 2, #") with pseudo-similarity operator H'/2.

(2) Conversely, if Z is pseudo-similar to a passive system X; = (V; X1, #") with similarity
operator Q, then X is H-passive with H = 0*Q, and X, is unitarily similar to the system
Xy in assertion (1).

Proof

Proof of (1): Let # = —%[+] be a fundamental decomposition of #". By Proposition 9.7,
this decomposition is admissible for X. Let X/, = ([’C‘ g];&’”, u, @) be the corresponding
scattering representation of X. By Proposition 9.6, X/, is H-passive. According to
Reference [14, Proposition 4.2], there exists a (unique) scattering passive i/s/o system

2{75/0 = ({‘C‘Z g’;} XU, @) such that %/, is pseudo-similar to 2173/0 with similarity operator

H'/? (here Ay is the closure of H'/24H /2, Cy is the closure of CH'?, By = H'/?B, and
Dy = D). Let 2y = (Vy; &, W) be the corresponding s/s system. Then X is pseudo-similar to
¥ with pseudo-similarity operator H'/2. The uniqueness of X is immediate: the system Xy is
uniquely determined by its trajectories, and the trajectories of £y are determined uniquely by
the trajectories of X and the pseudo-similarity H'/2.

Proof of (2): Let H= Q*Q. Then H is a positive self-adjoint operator in 2 with
9(H'?) = 9(Q), and Q has a polar decomposition Q = UH'/?, where U is a unitary operator
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w w.

U-'z
mapping Z onto Z| (see, e.g. Reference [45, p. 334]). Let Vi = { [le}

H € Vl}. Then X is

unitarily similar to the minimal passive system gy = (Vg; %, #"), and the trajectories of Xy are
of the form (U~'x,(-), w(-)) where (x;(-), w(-)) is a trajectory of ;. Moreover, the operator H'/?
is a pseudo-similarity between £ and Xjy. The passivity of £y now implies that £ is H-
passive. O

Theorem 9.12

Let X = (V; %, %) be a minimal s/s system with Hilbert state space 2 and Krein signal space
. If the behaviour of X is passive, there exists a positive self-adjoint operator H with respect to
which X is H-passive, or equivalently, Z is pseudo-similar to a passive system Xy = (Vg; Z, W)
with pseudo-similarity operator H'/2. Moreover, it is possible to choose H in such a way that
Xy 1s minimal, or equivalently,

HPRo =, HR,o=a (71)

where

Re = U {x(n)|(x(-), w(-)) is an externally generated trajectory of Z}+¥

n=1

and ‘R, . is the corresponding subspace for X .

Proof

By Proposition 8.9, there exists minimal passive s/s system X; = (V1; %, ") which realizes the
same behaviour 2 as . According to Proposition 3.3, the systems £ and X are pseudo-similar.
By assertion (2) of Proposition 9.11, X is H-passive where H = Q*Q, and H'/? is a pseudo-
similarity operator between X and Xy. Thus, for any trajectory (x(-),w(-)) of X with
x(0) € 2(H'*) we have x(n) € Z(H'/?) for all ne Z", and (H'2x(-), w(-)) is a trajectory of .
The converse is also true: for any trajectory (xz(-), w(-)) of y with xz(0) € Z(H'/?) we have
xu(n) e Z(H'?) foralln e Z*, and (H'?xy(-), w(-)) is a trajectory of X. This connection holds,
in particular, for all externally generated trajectories (since x(0) =0 and xgy4(0) = 0). This
implies that Ry = H'/ 120, where Ry is the analogue of R, for . The controllability of
Yy implies that H'/2R,, = Ry = 2. By applying the same argument to the dual system we get
H-'12R, = & (recall that, by Theorem 4.13, H'/? is a similarity between £, and (Z),). [

It is possible to compare two generalized positive self-adjoint solutions of the KYP inequality
to each other by using the standard partial ordering of non-negative self-adjoint operators,
which is defined as follows (see Reference [14] for details). If H; and H, are two non- negdtlve
self- ad%omt operators on the Hilbert space 9&” then we write H; < H, whenever EZ(H ) c
@(H ) and ||H x|| < ||H x|| forall x e J(H ) For bounded non-negative operators H; and
H, with 2(H,) = 2(H,) = % this ordering coincides with the standard ordering of bounded
self-adjoint operators on Z.

* Thus, R, consists of all those states of = that can be reached in some finite time, starting from the zero state.
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Theorem 9.13

Let T be a minimal s/s system with a passive behaviour, and let MT" be the set of all solutions
of the KYP inequality for £ that satisfy (71). Then MJi" is non-empty, and there exist unique
H, e M and H,e MTI" such that

H <H<H., HeMy"

Proof

By Theorem 9.12, the set M¥" is non-empty. Let # = —#[{]% be a fundamental
decomposition of #". By Proposition 8.5, this decomposition is admissible for . Let X/,
be the corresponding scattering representation of X. Then, by Proposition 9.6, My = M5, .
The existence of a minimal solution A, and a maximal solution H, in M3"" now follows from
Reference [14, Theorem 5.11 and Proposition 5.15]. |

Remark 9.14

Above we studied the set Hg’i“ by reducing the problem to the corresponding problem for i/s/o
systems X/, and scattering supply rate j(y,u) = ||u||§{ — ||y||f,,, which was solved in Reference
[14]. This reduction was based on the following facts:

(1) A decomposition #" = —%+9 is fundamental if and only if the inner product [-, ], in
#" induces the scattering supply rate j(y,u) = —||y|l3, + llull;, on [;], where ||y[l3, =
~[,31y- =0 and |lullf, = [u,ul, >0 for all [/] € [7],

(2) every fundamental decomposition of #" is admissible for an H-passive system X with
Krein signal space ¥/,

(3) if Zj//o 1s a scattering representation of a s/s system X, then M{ = Mg = My, and this
set coincides with the corresponding sets for Z; /o, i.€. M{/SZO =My,  =Ms, =Ms

If, in addition, ¥ is minimal, then the same statement remains true for My,

This approach is not restricted to i/s/o systems with a scattering supply rate. The same argument
applies to an arbitrary i/s/o system X/, = ([/C‘ g] XU, @) with Hilbert input and output
spaces % and % and with an arbitrary supply rate j(y, u) as long as this supply rate defines a Krein

space inner product in the signal space W = [Z] Each such supply rate has a representation of the
form j(y,u) = (B{’],Jm)qy@% for some self-adjoint operator J = Bl: j‘z} e B(W D U) with a

bounded inverse. The decomposition W = ¥+ is orthogonal if and only if J is block diagonal, i.e.
Jio =0 and Jy; = 0. In the case of a bounded operator H the (forward) KYP inequality for
%i/s/0 18 given by

A*HA — H — C*J,,C A*HB — C*Jis — C*J11 D
<0 (72)

B*HA — JyC — D*J,C B*HB — D*J15 — J2yD — D*J11D — J»

and M; e consists of generalized solutions of this inequality. The adjoint supply rate j, (v, u)
which is applied to the adjoint i/s/o system 2;"/5 o = ([g* g*] XY, %) is given by
Jeou)=—(P], 77! [«Z])%@%, and My consists of the inverses of all generalized solutions of

the KYP inequality for Z?‘/s Jo- The system X/, can be interpreted as an i/s/o representation of a
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Y
4

| with Krein space inner product “‘], P/” =

, =
Uu. u W

s/s system X with the signal space ¥ = [

(H J {}’/Dg@% for all [], [‘} [“] €[], and with this interpretation My = M$ —and My =

ul? u }"/ u U i/s/o
My, o Property (3) above is still valid in the weaker form presented in Proposition 9.9.

It is also possible to proceed in the opposite direction, and to consider the H-passive s/s
system X to be the primary object, from which we can construct various H-passive i/s/o systems
with different supply rates. If # = #+% is an admissible decomposition for X, then the
corresponding i/s/o system X/, is H-passive with respect to the supply rate on [JZ] inherited
from the inner product [,-],.™ Thus, in the family of i/s/o systems Z;;o = ([& B; 2, %, %)
that we get from T by varying the decomposition %~ = %+ the coefficients [”C’ g} vary, and so
do the supply rates j(y,u), but the set of solutions M£ o of the generalized KYP inequality (72)

stays the same. The same comment applies to the sets My, o and My 00.

i/s/o? t
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